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Figure 10.1.1 shows a directed line segment from the point P to the point Q. 


a 
Figure 10.1.1 P 


We pictorially represent a directed line segment as an arrow from P to Q, and use the 
symbol PO. Mathematically, a directed line segment is most easily represented as an 
ordered pair of points. 8 

The directed line segment from P to Q, in symbols PQ, is the ordered pair of 
points (P, Q). P is called the initial point, and Q, the terminal point, of the directed line 
segment. a ze - 

The directed line segments PQ and QP are considered to be different. OP 
has initial point Q and terminal point P. If P(p,, p2) and Q(g,, g2) are two points in 
the plane, the x-component of PO is the increment q, — p,; of x from P to Q, and the 
y-component is the increment q, — p, of y, as shown in Figure 10.1.2. 


x-component of PO = 4, — P1- 
y-component of PO = G2 — Po. 


O41, Ga) 


92— P2r2= 
y-component 


P(Pt, Pa) 
Figure 10.1.2 q. — pi = X-component 
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Usually we are not really interested in the exact placement of a directed 
— 
line segment PQ on the (x, y) plane, but in the length and direction of PO. These can 


be determined by the x and y components of PO. We are thus led to the notion of a 
vector. 


DEFINITION 


The family of all directed line segments with the same components as PO will 
be called the vector from P to Q. We say that PO represents this vector. 


Since all directed line segments with the same components have the same 
length and direction, a vector may be regarded as a quantity which has length and 


direction. 
Vectors arise quite naturally in both physics and economics. Here are some 


examples of vector quantities. 


Position If an object is at the point (p,, p) in the plane, its position vector is the 
vector with components p, and p5. 


Velocity Ifa particle is moving in the plane according to the parametric equations 
x=f(t), y=afi), 
the velocity vector is the vector with x and y components dx/dt and dy/dt. 


Acceleration The acceleration vector of a moving particle has the x and y com- 
ponents d?x/dt? and d?y/dt?. 


Force In physics, force is a vector quantity which will accelerate a free particle in 
the direction of the force vector at a rate proportional to the length of the 
force vector 


Displacement (change in position) fan object moves from the point P to the point 
Q, its displacement vector is the vector from P to Q. 


Commodity vector In economics, one often compares two or more commodities 
(such as guns and butter). If a trader in a market has a quantity a, of one 
commodity and a, of another, his commodity vector has the x and y com- 
ponents (a, , a4). 


Price vector If two commodities have prices p, and p, respectively, the price vector 
has components (p,, p2). The components of a commodity or price vector 
are always greater than or equal to zero. 


EXAMPLE 1_ Find the components of the vectors represented by the given directed 
line segments. 


(a) (3, 2), (5, 1). 


x-component = 5 — 3 = 2, y-component = 1 —2= —-1. 
> 
x-component = 2 — 0 = 2, y-component = —3 —(—2)= —I. 


Notice that both of these directed line segments represent the same vector. 
They are shown in Figure 10.1.3. 
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Figure 10.1.3 


Vectors are denoted by boldface letters, A. A vector is represented by a whole 
family of directed line segments. However, given a vector A and an initial point P, 
there is exactly one point Q such that the directed line segment PO represents A. 
To find the x-coordinate of Q we add the x-coordinate of P and the x component of A; 
similarly for the -coordinate. 


EXAMPLE 2 Let A be the vector with components —4 and 1, and let P be the point 
(1,2). Find Q so that PQ represents A. 


Q has the x-coordinate 1 + (—4) = —3 and the y-coordinate 2 + 1 = 3. 
Thus QO = (—3, 3), as shown in Figure 10.1.4. 


We shall now begin the algebra of vectors. In vector algebra, real numbers are 
called scalars. We study two different kinds of quantities, scalars and vectors. 

The length (or norm) of a vector A is the distance between P and Q where PO 
represents A. The length is a scalar, denoted by |A|. If A has components a, and a, 
then the length, shown in Figure 10.1.5, is given by the distance formula, 


Ata fara ee. 


The length of a position vector is the distance from the origin. The length of a 


Figure 10.1.4 Figure 10.1.5 Length of a Vector 
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velocity vector is the speed of a particle. The length of a force vector is the magnitude 
of the force. The length of a displacement vector is the distance moved. For price or 
commodity vectors, the notion of length does not arise in a natural way. 


EXAMPLE 3 The vector A with components 3 and —4 has length |A| = ,/37 + (— 4)? 
= 5, 


The vector with components (0, 0) is called the zero vector, denoted by 0. The 
zero vector is represented by the degenerate line segments PP. It has no direction. The 
length of the zero vector is zero, while the length of every other vector is a positive 
scalar. 

The sum A + B of vectors A and B is defined as follows. Let PQ represent A 

=> 
and jet OR represent B. Then A + Bis the vector represented by PR. More briefly, if A 
is the vector from P to Q and B is the vectot from Q to R, then A + B is the vector 
from P to R: Figure 10.1.6 shows two ways of drawing the sum A + B. 


Figure 10.1.6 Sum of Two Vectors 


If an object in the plane originally has the position vector P and is moved by a 
displacement vector D, its new position vector will be the vector sum P + D. If an 
object is moved twice, first by a displacement vector D and then by a displacement 
vector E, the total displacement vector is the sum D + E. 

If two forces F and G are acting simultaneously on an object, their combined 
effect is the vector sum F + G (Figure 10.1.7). The combined effect of three or more 
forces acting on an object is also the vector sum, e.g., (F + G) + H. Newton’s first 
law of motion states that if an object is at rest, the vector sum of all forces acting on 
the object is the zero vector. 


Changes in position 


Figure 10.1.7 


In economics, if a trader initially has a commodity vector A and buys a 
commodity vector B (i.e., he buys a quantity b, of commodity one and b, of commodity 
two), his new commodity vector will be the vector sum A + B. 

The vector sum is also useful in discussing an exchange between two or more 
traders. Suppose traders A and B initially have commodity vectors A, and B,. 
After exchanging goods, they have new commodity vectors A, and B,. Since the 
total amount of each good remains unchanged, we see that A, + B, = A, + B,. 
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Vector sums obey rules similar to the rules for sums of real numbers. 


THEOREM 1 


Ler A, B, and C be vectors. 

(i) !dentiyLaw A+0=0+A=A, 

) Commutative Law A+B=B+A4, 

(iii) Associative Law (A + B) + C=A+(B+C). 
) Triangle Inequality |A + B] < |A] + |BI, 


We shall skip the proofs, which use the corresponding laws for real numbers. 
The Commutative and Associative Laws are illustrated by Figure 10.1.8. 


Commutative law Associative law 
Figure 10.1.8 


The Triangle Inequality says that the length of one side of a triangle is at most 
the sum of the lengths of the other two sides. This is because the vectors A, B, and 
A + Bare represented by sides of a triangle. The proof of the Triangle Inequality is 
left as a problem (with a hint). It is illustrated in Figure 10.1.9. 

The sum of three or more vectors is formed in the same way as the sum of two 
vectors, as in Figure 10.1.10. 


Triangle inequality 


Figure 10.1.9 


} 
A+B+C+D+E/ 
t 
{ 


Figure 10.1.10 Sum of Vectors 
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B 
Cc 
A 
Figure 10.1.11 A+B+C=0 A+B+C+D+E=O0 
eee eee 
P P 


Vector negative 
Figure 10.1.12 


The sum of the vectors (clockwise or counterclockwise) around the perimeter 
of a triangle or polygon is always the zero vector (Figure 10.1.11). 

We next define the vector negative, — A, and the vector difference, B — A. 
If A is the vector from P to Q, then —A is the vector from Q to P (Figure 10.1.12). 
B — A is the vector which, when added to A, gives B; Le., 


A+(B—A)=B. 


Thus if A is the vector from P to Q and B is the vector from P to R, then B-— A 
is the vector from Q to R (Figure 10.1.13). 


B-A 


Vector difference 


Figure 10.1.13 


Ifa trader initially has a commodity vector A and sells a quantity b, of the first 
commodity and b, of the second, his new commodity vector will be the vector 


difference A — B. 
Given a force vector F, —F is the force vector of the same magnitude but 


exactly the opposite direction. 
If an object initially has position vector P, then Q — P is the displacement 


vector which will change its position to Q. 


THEOREM 2 


Let A and B be vectors. 


(i) —0=0, 
(li) —(—A)=A, 
(iii) A-A=O0, 


(iv) B—-A=B+(—A). 


Rule (iv) is illustrated in Figure 10.1.14. Figure 10.1.14 
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If A is a vector with components a, and a, and c is a scalar, then the scalar 
multiple cA is the vector with components ca, , ca. Notice that the product ofa scalar 
and a vector is a vector. Geometrically, for positive c,cA is the vector in the same 
direction as A whose length is c times the length of A (Figure 10.1.15). (—c)A is the 
vector in the opposite direction from A whose length is c|A|. We sometimes write 
Ac for cA, and A/c for (1/c)A. 


a 


Figure 10.1.15 Scalar Multiples 


cA 


In physics, Newton’s second law of motion states that 
F=mA 


where F is the force vector acting on an object, A is the acceleration vector, and the 
scalar m is the mass of the object. 


In economics, if all prices are increased by the same factor c due to inflation, 
then the new price vector Q will be a scalar multiple of the initial price vector P, 


Q = cP. 


THEOREM 3 


Let A and B be vectors and s,t be scalars. 

(i) OA = 0. IA =A, (—s)A = —(sA). 
(ii) Scalar Associative Law s(tA) = (st)A. 
(ili) Distributive Laws (s + t)A = SA + TA, 


s(A + B) = sA + SB. 
(iv) [sAl = [sIIAl. 


We shall prove only part (iv) which says that the length of sA is !s| times the 
length of A. 


Let A have components a, ,a,. Then sA has components sa,, saz. 


Thus |sAl 


HT 


P 

SMsa,)? + (saz)? = fsa? + 57a? 
eae es cite 

= /s*/at + a} = |s||Al. 


A unit vector is a vector U of length one. The two most important unit vectors 
are the basis vectors i and j. i, the unit vector along the x-axis, has components (1, 0). 
j. the unit vector along the )-axis, has components (0, 1). Figure 10.1.16 shows i and j. 


Basis vectors j 


Figure 10.1.16 i 


10.1 VECTOR ALGEBRA 


A vector can be conveniently expressed in terms of the basis vectors. 


COROLLARY 1 


The vector with components a and b is ai + bj. 


PROOF aiis the vector from (0, 0) to (a, 0), bj is the vector from (0, 0) to (0, b). Therefore 
the sum ai + bj is the vector from (0, 0) to (a, b) (Figure 10.1.17). 


Figure 10.1.17 


Sums, differences, scalar multiples, and lengths of vectors can easily be 
computed using the basis vectors and components. The necessary formulas are given 
in the next corollary. 


COROLLARY 2 
Let A = a,i + aaj and B = b,i + b,j be vectors and let c be a scalar. 
(i) A+ B= (a, + b,)i + (a, + bp)j. 
(ii) A — B= (a, — 5,)i + (a, — bp)j. 
(il) cA = (ca,)i + (cay)j. 


(iv) |A| = ./a? + a3. 


For example, (i) is shown by the computation 
A+ B= (a,i + aaj) + (B11 + boi) 
= (a,i + byi) + (aj + baj) = (ay + Dy )i + (a2 + by)j. 
It is illustrated in Figure 10.1.18. 


(a, +b2)j 


Figure 10.1.18 (a, +6, )i 


EXAMPLE 4 Let A=2i—5j, B=i+ 3j. 
(a) FindA +B, A—B, —A, and 6B. 
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A+ B= (24 lhi+(—S + 3)j = 3i — 2j. 
A-—B=(2—- 1)i+(—-5 — 3 =i — 8j. 
A=(—IDA =(—1)2i + (—1)(—S)j = —2i + 5), 
6B = 6(i + 3j) = Gi + 18). 
(b) Find the vector D such that 3A + 5D = B. 


5D = —3A + B, 

D = 4(-3A + B). 
= 4(—-3+24 li+ 1{—3(—5) + 3)j. 
= -i+ 13). 


EXAMPLE 5 A triangle has vertices (0, 0), (2, —1), and (3,1) (Figure 10.1.19). Find 
the vectors counterclockwise around the perimeter of the triangle and check 


that their sum is the zero vector. 


Figure 10.1.19 


The three vectors are 
A = (2 — Oji + (—1 — OF = 2i - j, 
B= (3 — 2) + (1 — (—1)j =i + 2j, 
C = (0 — 3 + (0 — 1) = —3i —j. 
Their sum is 


A+B+C=(2+1-3)i+ (-14+2+(—1))j = 014 Op. 


We need a convenient way of describing the direction as well as the magnitude 
of a vector. First we define the angle between two vectors (Figure 10.1.20). 


Figure 10.1.20 
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DEFINITION 


Let A and B be two nonzero vectors in the plane, and let O be the origin. 


The angle between A and B is either the angle AOB or the angle BOA, whichever 
is in the interval (0, ]. (The angle between A and the zero vector is undefined.) 


Notice that if AOB is between 0 and x, then BOA is between z and 27, and vice 
versa. So exactly one is between 0 and x. The angle @ between A and B can be computed 
by using the Law of Cosines from trigonometry, illustrated in Figure 10.1.21. 


b c 


Figure 10.1.21 a 


LAW OF COSINES 


Ina triangle with sides a, b,c, and angle 0 opposite side c, 
c? =a* + b* — 2abcos 0. 


Notice that when @ = 2/2, cos 8 = 0 and the Law of Cosines reduces to the 
familiar Theorem of Pythagoras, c? = a? + b?. 

Given vectors A and B with angle @ between them, we form a triangle with 
sides |A|, |B], and |B — A]. Then by the Law of Cosines, 


IB — Al? = [A[? + (BI? — 2{A[{BI cos 0. 


|AP? + |B)? — |B — AP 
2|A) |B] 


Solving for cos 0, cos 0 =: 


Since the arccosine is always between 0 and x, 


|AP? + |B? — |B — A?’ 
2|A] |B 


0 = arccos 


EXAMPLE 6 Find the angle between A = 3i — 4j and B =i + j. 

|A| = /3? + (—4)? = \/25 =5, 

IB) = /1?7 + 1? =./2, 

IB — Al = /3 -1)7+ (-4 - 1? = /4 + 25 = ,/29, 
|A/? + |B? ~|B—AP? 2542-29 
2/Al (BI 5a 
Bee 

ie ~ X= 


2 
fies _v2 
arecos al 


cos 0 = 


The direction of a vector can be described in one of three closely related ways: 
by its direction angles, its direction cosines, or its unit vector. 
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Let A be a nonzero vector. The angles « between A and i, and f between A and 
j, are called the direction angles of A. The cosines of these angles, cos « and cos f, are 
called the direction cosines of A. 

The vector U = A/|A] is called the unit vector of A. U has length one, 
[U] = |AJ/JA] = 1. 


Figure 10.1.22 


We can see from Figure 10.1.22 that the components of U are the direction 
cosines of A, 


U = cos zi + cos fj. 
A vector A is determined by its length and its direction cosines, 
= |A| U = |Al cos ai + |A] cos fj. 
The sum of the squares of the direction cosines is always one, for 


[U| = cos? « + cos? 8 = 1. 


EXAMPLE 7 Find the unit vector and direction cosines of the given vector. 
First find the length, then the unit vector, and then the direction cosines. 


(a) A=2i+j  |Al= /2?4+ 17 = \/5 


44] 
Unit vector = — = : 24 
Al 5 
ee 2 | 
Direction cosines = | —=, —= 
J/5 /5 
(b) B=Si—12) [BJ =\/5? + (- 12? = 169 = 13 
B Si — 12j 
Unit vector = BI = So 
Direction cosines = (;5, 
(ee Ca4). Welage 407 =2 
a 
Unit vector = a =] 
4 


Direction cosines = (0, 1). 
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EXAMPLE 8 Find the vector A which has length 6 and direction cosines 
(—1/2, ./3/2). 
A = 6(—1/2)i + 6(,/3/2)j = —3i + 3/3}. 


PROBLEMS FOR SECTION 10.1 


In Problems 1-4 find the vector represented by the directed line segment PO. 


1 P=(,1, Q=(4,3) 2 P=(~1,-1, Q=(,-2) 
3 P=(3,4), Q=(0,0) 4 P = (0,0), Q = (0,3) 
In Problems 5-8 find the point Q such that A is the vector from P to Q. 

5 P=(1,-1), A=i-3j 6 P=(0,0), A=3i- 5j 

7 P=(4,6), A= —Si+ 6j 8 P = (3,3), A =2j 


In Problems 9-32, find the given vector or scalar, where 


A=i-2, B= —4i+3j), C=3i 


9 A+B 10 A+C 

il A+B4+C 12 —A 

13 3A 14 A-—B 

15 B-—A 16 3A + 4B 

17 A ~ 2B + 3C 18 |A] 

19 |B 20 |A + BI 

21 |A — B| 22 \|A| + |B 

23 |6A| 

24 The vector D such that A + 2D = B. 

25 The vector D such that 2A + 4D = C — 3B. 

26 The unit vector and direction cosines of A. 

27 The unit vector and direction cosines of B. 

28 The unit vector and direction cosines of C. 

29 The angle between A and B. 

30 The angle between A and C. 

31 The angle between B and C. 

32 The angle between —B and C. 

33 An object initially has position vector P = 3i + 5j and is displaced by the vector 
A = 4i — 2j. Find its new position vector. 

34 An object is displaced first by the vector A = —i — 2j and then by the vector B = 4i — j. 
Find the total displacement vector. 

35 Find the displacement vector necessary to change the position vector of an object 
from P = —3i + 6j to Q = Si + 4j. 

36 Three forces are acting on an object, with vectors 


F=i+3), G=2, H=—-2i-j. 
Find the total force on the object. 
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Three forces are acting on an object which is at rest. The first two forces are 
F, = —6i + 9j. F, = 10i — 3j. 
Find the third force F . 


An object of mass 10 is being accelerated so that its acceleration vector is A = Si — 6j. 
Find the total force acting on the object. 


‘ An object is displaced by the vector 3i — 4j. Find the distance it is moved. 


An object has the velocity vector V = i — j. Find its speed. 


A trader initially has the commodity vector A = 3i + j and buys the commodity vector 
B =i + 2j. Find his new total commodity vector. 


Two traders initially have commodity vectors Ag = 4i + j, Bo = 31 + 6j. After trading 
with each other, trader A has the commodity vector A, = 3i + 3j. Find the new com- 
modity vector B, of trader B. 


A trader initially has the commodity vector A = 15i + 12j and sells the commodity 
vector 5i + 10j. Find his new commodity vector. 


A pair of commodities initially has the price vector P = 6i + 9j. Due to inflation all 
prices are increased by 10°. Find the new price vector. 


Find the vector with length 4 and direction cosines ( ~./2/2, Pe 2:2). 
Find the vector with length 4 and direction cosines (— 1, 0). 
Find the vector with length 10 and direction cosines (2, 3). 


In Problems 48- 50 find the vectors counterclockwise around the perimeter of the polygon with 
the given vertices, 


48 
49 
50 
51 


(0. 0), (1, 0). (O, 1). 
(1. 1), (3, 0), (5, 2). (0, 4). 
The regular hexagon inscribed in the unit circle x? + ¥? = 1 with the initial vertex (1. 0). 


Use the Triangle Inequality to prove the following. 


|A — B] Ss JA} + |B, 
[A] — |B] S$ |A + BI, 
JA + B+ C| < JA] + |B] + [Cl. 
Prove that for every nonzero vector A and positive scalar s, there are exactly two scalar 
multiples tA of length s. 


Prove that two nonzero vectors A and B have the same direction cosines if and only if 
B = tA for some positive ¢. 


Prove the Commutative Law for vector addition. 
Prove the Distributive Laws for scalar multiples. 


Prove the Triangle Inequality. Hint: Assume 


Jay + bP + (az +P > fae fogs fb? + b2 
and get a contradiction. This is done by squaring both sides. simplifying, and then 
squaring and simplifying again. 


VECTORS AND PLANE GEOMETRY 


In this section we apply the algebra of two-dimensional vectors to plane geometry. 


Given a point P(p,.p,) in the plane, the position vector of P is the vector P 


from the origin to P (Figure 10.2.1). P has components p, and p,. so 
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y 
P(P1, P2) 
P 
P2 
(0, 0) Pi x 
Figure 10.2.1 The position vector 
P = p,i+ pj. 


If A and B are two points in the plane with position vectors A and B, then the 
vector from A to B is the vector difference B — A. This can be seen from Figure 
10.2.2. 


Figure 10.2.2 


In Section 1.3, we saw that a line in the plane may be defined as the graph 
of.a linear equation 


ax + by =c 


where a and b are not both zero (Figure 10.2.3). We shall call the above equation a 
scalar equation of the line. 


Figure 10.2.3 
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Figure 10.2.4 


The position vector of any point P on a line L is called a position vector of L. 
If P and Q are two distinct points on L, the vector D from P to Q is called a direction 
rector of L. Thus D = Q — P (Figure 10.2.4). 

Theorem | will show how to represent a line by a vector equation. Let us use 
the symbol X for the variable point X(x, y), and the symbol X for the variable vector 
X = xi + jj. (see Figure 10.2.5). 


Figure 10.2.5 


THEOREM 1 


A line L is uniquely determined by a position vector P and a direction vector D. 
L has the scalar equation 


xd, — yd, = pydy — pod, 
and the vector equation 


X =P 4D. 


The vector equation means that L is the set of all points X such that 
X = P + ¢D for some ¢. 


PROOF Let L be any line with position vector P and direction vector D. We must 
show that: 
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(i) JL has the scalar equation given in Theorem 1. 
(ii) IfX = P + ¢D for some t then X is a point of L. 
(iii) If Xis a point of L then X = P + ¢D for some ¢. 


(i) D is the vector from A to B where A and B are points on L. Since L 
is the line through A and B, it has the scalar equation 
(x — a,)(b2 — az) = (y — a)(by — a4), 
(x — ay)dy = (y — ag)dy, 
xd, — yd, = ayd, — aod,. 


This equation holds for the point P of L, 
Pidy — Pod, = ad, — agd,. 
Combining the last two equations we get the required equation: 
(1) xd, — yd, = pid, — pod. 
(ii) Let X be a point such that X = P + ¢D for some t. Then 
x =p, + td,, y =p, + td, 
d,x — dyy = dap, + datd, — d,p, — dtd, = d,p, — d,p2, 


so X is a point of L. 

(iii) Let X be a point of L. If d, 4 0 we set t = (x — p,)/d,, and using 
Equation 1 we get X = P+ D. The case d, #0 is similar. Therefore 
X = P + ¢D is a vector equation for L (Figure 10.2.6). 


The line with position vector P 
Figure 10.2.6 and direction vector D 


The vector equation X = P + ¢D can be put in the form 
xi + yj = (p, + td,)i + (p2 + td2)j. 
It can also be written as a pair of parametric equations 


x=p, + td,, y = p,t+ td,. 


EXAMPLE 1 Find a vector equation for the line through the two points A(2, 1) 
and B(—4, 0), shown in Figure 10.2.7. 


The vector D = B — A from A to B is given by 
D = (-—4—- 284+ 0 — Lj = —6i — j. 
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Figure 10.2.7 


Since A is a position vector and D a direction vector of the line. the line has 
the vector equation 
X=A+/D 
= 2i+ j + (—6i — j). 


In general, the line L through points A and B has the vector equation 
X = A + ¢(B — A) because A is a position vector and B — Aisa direction vector of L. 


Figure 10.2.8 


EXAMPLE 2 Find a vector equation for the line in Figure 10.2.8: 
2x —3y = 1. 


Step 7 Find two points on the line by taking two values of x and solving for ¥. 


wed: Qegredy “pees. (0, —4). 
ca 2-3y=1, = (1,4). 


Step 2 Find a position and direction vector. 


P = 0i + (—4)j = —4). 
D = (1 — Oi + (3 ~— (—3)j =i + 3). 
Step 3 Use Theorem 1. The vector equation is 
X=P+D 
= 3] + ti + 4). 
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Figure 10.2.9 


EXAMPLE 3 Find a scalar equation for the line in Figure 10.2.9: 
X = —4i+j+ ti + 6)). 
First method By Theorem 1, the line has the equation 
xd, — ydy = pid, _ Pod, 
6x — y =(-4)-6- 1-1, 
6x —y = —25. 


Second method We convert the vector equation to parametric equations and then 
eliminate t. 


x= —4+8, y=1+ 6, 
t=x+4, y =14+ 6(x + 4). 
y = 25 + 6x. 


This is equivalent to the first solution. 


EXAMPLE 4 Determine whether the three points 

A(1, 3), B(2, 5), C(3, 10) 
are on the same line. 
The line L through A and B has the vector equation 

X=A+ «B-— A) 
=i+ 3) + i+ 2j)=( + 14+ (3 F 22). 
The only point on L with x component 3 is given by 
3=1+4+4, t= 2; P = 3i+ 7j. 


Since C is another point with x component 3, C is not on L. Therefore 
A, B, and C are not on the same line, as we see in Figure 10.2.10. 


Some applications of vectors to plane geometry follow. 
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/ 
f B(2, 5S) 


/ 
/ 


gf 
: ACI, 2) 


Figure 10.2.10 


EXAMPLE 5 Let A and B be two distinct points. Prove that the midpoint of the 
line segment AB is the point P with position vector P = 5A + 3B. 


PROOF We shall prove that the point P is on the line AB and is equidistant from 
A and B (see Figure 10.2.11). The line through A and B has the direction 


Figure 10.2.11 O 


vector D = B — A. The vector P has the form 
P=$A+3B=A+4+4B—A)=A+ 4D. 


Therefore by Theorem 1, P is on the line AB. To prove that P is equidistant, 
we show that the vector from A to P is the same as the vector from P to B 


P-A=34+4B—A=4B-4A. 
B—P=B—4A —4B=3B—4A. 


EXAMPLE 6 Find the midpoint of the line segment from A(—1, 2) to B(3, 3) (Figure 


10.2.12). 
The points have position vectors 
A= —i+ 2j. B = 3i + 3j. 


The midpoint P has the position vector 
P = 3A + 3B = (-i + 2j) + 403i + 3j) =i + 3). 


3 
2, 


— 


Therefore P is the point (1. 
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&(3, 3) 


Figure 10.2.12 


A four-sided figure whose opposite sides represent equal vectors is called a 
parallelogram. 


EXAMPLE 7 Prove that the diagonals of a parallelogram bisect each other. 


PROOF We are given a parallelogram ABCD, shown in Figure 10.2.13. 


C 


Figure 10.2.13 


Since the opposite sides represent equal vectors, we have 
(2) B-A=C-D. 


The diagonal AC has midpoint 5A + 4C and the other diagonal BD has 
midpoint [B + 5D. We show that these two midpoints are equal. The 
Equation 2 gives 


C=B-A+D. 
Then 2A + 3C = 3A + 3(B— A + D) = 5B + 5D. 


Thus the two diagonals meet at their midpoints. 


EXAMPLE 8 Prove that the lines from the vertices of a triangle ABC to the mid- 
points of the opposite sides all meet at the single point P given by 


P= $A + 4B4+5C. 


PROOF We are given triangle ABC, shown in Figure 10.2.14. Let A’, B,C’ be the 
midpoints of the opposite sides. We prove that all three lines 4A’, BB’, CC’ 
pass through the point P. 
The point A’ has position vector 


A’ = 5B + 5C. 
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Figure 10.2.14 


The line AA’ has the direction vector A’ — A. AA‘ has the vector equation 
X= A+ t(A’ — A), 
The computation below shows that P is on the line 4A’ 
P=4A 4+ GB + 4C) = 5A + 3A’ =A + 3A’ — A). 
A similar proof shows that P is on BB’ and CC". 


PROBLEMS FOR SECTION 10.2 


In Problems 1-14, find a vector equation for the given line. 
1 The line through P(3, —1) with direction vector D = —i + j. 


2 The line through P(0, 0) with direction vector D = i + 2j. 
3 The line with parametric equations x = 3 — 21,y = 4 + 5¢. 
4 The line with parametric equations x = 41,7 = 1 + f. 

5 The line through the points P(1, 4) and Q(2, — 1). 

6 The line through the points P(5, 5) and Q(—6, 6). 

7 The vertical line through P(2, 5). 

8 The horizontal line through P(4, 1). 

9 The line yp = 2 + Sx. 
10 The line x + » = 3. 
il The line y = 3. 
12 The line x = y. 
13 The line through P(6, 5) with slope —3. 
14 The line through P({, 2) with slope 4. 
15 Find a scalar equation for the line X = 3i — 4j + ti — 2). 
16 Find a scalar equation for the line X = 2i + (—i+ 4)). 
17 Find a scalar equation for the line X = i + 3} + 4¢i. 

18 Find a scalar equation for the line with parametric equations x = 3 — 4f, » = J + 21. 


In Problems 19-24, determine whether the given three points are on a line. 

19 A(I, 1), B(2,4), C(~-1, ~2). 20 A(l, 3), B(2, 5), C(—1, ~1). 
21 A(4, 0), B(O, 1), CU2, —2). 22 A(6, 3), B(S. 7), C(4, 10). 

23 A(S, — 1), B(S. 2), C(5, 6). 24 A(—3, 2), B(—3,3) C(O. 0). 
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25 Find the midpoint of the line AB where A = (2,5), B = (—6, I). 

26 Find the midpoint of the line AB where A = (—1, —4), B = (9, 16). 

27 Find the midpoint of the line AB where A = (5, 10), B = (—1, 10). 

28 Find the point of intersection of the diagonals of the parallelogram A(1, 4), B(6, 4), 
C(6, 6), D(1, 6). 

29 Find the point of intersection of the diagonals of the parallelogram A(2, 0), B(5, 1), 
C(6, 6), D(3, 5). 

30 Find the point of intersection of the lines from the vertices to the midpoints of the 
opposite sides of the triangle ABC, where A = (1, 4), B = (2, —1), C = (6, 3). 

31 Prove that the slope of a line with direction vector D = d,i + d,j is m = d,/d, (vertical 
ifd, = 0). 

32 Prove that if the diagonals of a four-sided figure bisect each other then the figure is a 
parallelogram. (Converse of Example 7.) 

33 Prove that if the opposite sides of a four-sided figure are scalar multiples of each other 
then the figure is a parallelogram (i.e., the opposite sides are equal as vectors). 

34 Let ABC be a triangle and let A,, B,,C, be the midpoints of the sides opposite A, B,C 
respectively. Show that the line AA, bisects the line B,C,. 

35 Show that the midpoints of the sides of any four-sided figure are the vertices of a paral- 
lelogram. 

36 Given a triangle ABC, let D be the midpoint of AB and E the midpoint of AC. Show 
that DE is parallel to BC and DE has half the length of BC. Hint: Show that E — D = 
4(C — B). 


VECTORS AND LINES IN SPACE 


In the preceding section, we-used the algebra of vectors to prove some facts from 
plane geometry. This approach really comes into its own in solid geometry. Without 
using vectors, it is quite hard to define such basic concepts as a straight line, or the 
angle between two lines, in space. In this section we shall develop geometry in three- 
dimensional space with vectors as our starting point. The notions of a straight line 
and an angle in space will be defined using vectors, and we shall use vector algebra 
to solve problems about lines and angles. Later on in this chapter we shall continue 
our development of solid geometry, using vectors to study planes in space. 

Vectors in space are developed in the same way as vectors in the plane. 
Three-dimensional space has three perpendicular coordinate axes, x, y, and z, as 
shown in Figure 10.3.1. This is called a right-handed coordinate system, because the 


Figure 10.3.1 x 
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right thumb, forefinger, and middle finger can point in the direction of the positive 
x, ¥, and z axes respectively. 

A point in space has three coordinates, one along each axis. We thus identify 
a point in space with an ordered triple of real numbers, as in Figure 10.3.2. 

Given two points P(p,,p2,p3) and QO(q,,42,q3) in space, the directed line 
segment PQ has the x-component gq, — p,,. y-component qg, — p2, and z-component 
43 — p3 (Figure 10.3.3). 


X(Xu, Yos 20) 


Figure 10.3.2 


G2— p2 


x 


Figure 10.3.3 A Directed Line Segment 


The family of all directed line segments in space which have the same three 
components as PO is called the vector in three dimensions, or the vector in space, 
represented by PO. 

The examples of vectors which we discussed in the plane also arise naturally 
in space. In space, position, velocity, acceleration, force, and displacement are 
vector quantities with three dimensions. In an economic model with three com- 
modities, the commodity and price vectors have three dimensions. 

Vectors in n dimensions arise quite naturally in economics, as commodity 
and price vectors in an economic model with n commodities. They also arise in 
more advanced parts of physics, such as quantum mechanics. 

Sums, negatives, differences, and scalar multiples of vectors in three dimen- 
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sions are defined exactly as in two dimensions. The length, or norm, of a vector A 
with components @,, a4, 43 is defined by 


|A| = ./a? + a} + a}. 


THEOREM 1 


All the rules for vector algebra given in Section 10.1 hold for vectors in three 
dimensions. 


These rules are in Theorems 1, 2, and 3 of Section 10.1, and include the 
Triangle Inequality. 

In space, there are three basis vectors, denoted by i, j, and k. i has components 
(1, 0, 0), j has components (0, 1, 0), and k has components (0, 0, 1). i, j, and k are shown 
in Figure 10.3.4. As in the case of two dimensions, we see that 


ai + bj + ck is the vector in three dimensions with components a, b, and c. 


The rules for computing vectors by their components take the following form in 
three dimensions. 


Basis vectors 


Figure 10.3.4 


COROLLARY 1 (Three Dimensions) 


Let A = a,i + a,j + a3k and B = byi + boj + b3k be vectors in three dimen- 
sions and let c be a scalar. 
(i) A+ B= (a, + b,)i + (a2 + b2)j + (a3 + b3)k. 
(ii) A — B= (a, — b,)ji + (a, — b2)j + (a3 — b3)k. 
(iil) cA = (ca,)i + (ca,)j + (ca3)k. 


EXAMPLE 1. Given A =i — j + 2k and B = 2i — 2k, find A + B, A — B, JAI, and 
3A. 


A+B=(l +2) + (—1 + Of + (2 — Dk = 3i -j. 
A—B=(1 —2)i+ (—1 — 0j 4+ (2 — (-2)k = —i-—j + 4k. 
|A| = \/1? + (-1? + 22) = 6. 
3A = 3i — 3j + 6k. 
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The Law of Cosines gives us a formula for the angle between two vectors 
in space. In fact, we shall use the Law of Cosines to define the angle between two vectors. 


DEFINITION 
Let A and B be two nonzero vectors in space. The angle between A and B is 
the angle 0 between 0 and x such that 


IA)? + BI)? — |B ~— AP 
2|A] |B 


cos 0 


One can prove from the Triangle Inequality that the above quantity is 
always between —1 and 1, and therefore is the cosine of some angle 6 (Problem 42 
at the end of this section). 


EXAMPLE 2 Find the angle between A = i — j — k and B = 21+ j +k. 
|A| = /1? + (1) + (-1)? = 3. 
IB] = /27 + 17+ 1 = /6, 


IB — AJ = (2-1)? +0 — (— 1)? +01 - (- 1)? 
= /1? 42? 42? =3. 
3 = 
cos 0 = cla aed = 0 = arccos0 = E 
2,/3./6 2 


The direction angles of a nonzero vector A in space are the three angles 
x, B, + between A and i, j, k respectively. The cosines of the direction angles are called 
the direction cosines of A. Let us compute the direction cosines in terms of the com- 
ponents of A. 
_ IAP + lil? — i - ap 


aaa 2A 
a $ag tat +1 ~ (Ul — a4)? + a} + a3) 
2|Al 
_ at tay +az+1—14 2a, — af — az — a3 
2A 


a 


~ TAL’ 


The computations for f and + are similar. Thus 


ay dy (ty 
cos % = — cosfp =—, cos; = —., 
|A\’ |Al Al 


The unit vector of A is defined as 


A ay. as, ay 
=—j+—j+—k. 
Aj |AI 


a iAl [Al 


As in the two-dimensional case, the components of U. shown in Figure 10.3.5, are 
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(a) (b) 


Figure 10.3.5 


the direction cosines of A, 
U = cos ai + cos fj + cos yk. 
Again, A is determined by its length and direction cosines, and the sum of 
the squares of the direction cosines is one, 
A = |A| cos oi + |Al cos fj + JAl cos yk, 
cos* x + cos? B + cos? = I. 


EXAMPLE 3 Find the unit vectors and direction cosines of the vector A = 2i + j — 
2k. 
We first find the length, then the unit vector, then the direction cosines. 


|A| = \/2? + 17 + (-2 = /9 =3. 
A 2i+j — 2k 
\Al 3 


U 


Direction cosines = (¢,4, —4). 
The position vector of a point P(p,, p2, p3) in space is the vector 
P = pi + Poj + pak. 
X denotes the variable vector 
X = xit+ yj + zk. 


We shall now define the notion of a line in space. The simplest way to 
describe a line in space is by a vector equation. 


DEFINITION 


Let P be a vector and D a nonzero vector in space. The line with the vector 
equation X = P + ¢tD is the set of all points X such that X = P + tD for 
some scalar t. 
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The vector equation can also be written as a set of parametric equations 
X= p, + dit V=p.t+ dst, z=p,tdyt. 


If tis time, the line is the path of a moving particle in space given by these parametric 
equations. 
The three coordinate axes are lines with the following vector equations. 


X-axis: X = ti, 
praxis: X = fj, 
z-axis: X = rk. 


EXAMPLE 4 Find a vector equation for the line L with the parametric equations 
x=3t+2, y= Or - 4. z=t+0. 
Let P = 2i — 4j, D=3i+k, 
then L has the vector equation 
X¥=P+D, or X = (2i — 4j) + 131 +k). 
Lis shown in Figure 10.3.6. 


Figure 10.3.6 


If A is a point on L, let us call A a position vector of L. A vector D is said 
to be a direction vector of L if D is the vector from one point of L to another point of L. 
Thus if A and B are distinct position vectors of L, then B — A is a direction vector 
of L (Figure 10.3.7). 

The next theorem shows that a line in space is uniquely determined by a 
position vector and a direction vector. That is, if two lines L and M have a position 
vector and direction vector in common, then L. and M must be the same line. 


THEOREM 2 


Given a vector P and a nonzero vector D, the line X = P + tD is the unique 
line with position vector P and direction vector D. 
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Figure 10.3.7 


PROOF Let L be the line X = P + ¢D. Setting t = 0 and t = 1 we see that P and 
P + D are position vectors of L, so D is a direction vector of L. 


Let X = Q + sE be any line M with position vector P and direction vector 
D. We show X = Q + sE is another vector equation for L. For some sp, 


P=Q+ SoE. 
Also, D = B — A for some position vectors of M, 
A=Q+5,E, B=Q+5E. 
Thus D = (Q + 5,E) — (Q + 8,E) = (s. — 5,)E. 
Since D 0, s, — s, # 0. Thus the following are equivalent: 


X=P+¢D for some f, 
X=Q+4 soE + t(s. — s,)E for some f, 
X =Q + (89 + fs — ts,JE for some t, 
X=Q+ sE for some s. 


COROLLARY 2 
Two points in space determine a line. The line through A and B has the vector 
equation 
X =A + 1(B — A). 
PROOF A line L passes through A and B if and only if A is a position vector of L 


and B — A isa direction vector of L. By Theorem 2, this happens if and only 
if L is the line with the vector equation X = A +¢(B — A). 


EXAMPLE 5 Find a vector equation of the line through the points 
A(Q3, —4, 2), B(O, 8, 4). 
The line has the equation 
X = 3i — 4j + 2k + 4((0 — 3)i + (8 — (—4))j + U — 2)k), 
X = 3i — 45 + 2k + t(—3i 4+ 12j — k). 
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The formula $(A + B) for the midpoint of the line segment AB holds for 
three as well as two dimensions. 


EXAMPLE 6 Find the midpoint of the line segment AB where 
A = (1,4, —6), B = (2,6, 0). 
The midpoint C has position vector 
C = 4(i + 4j — 6k) + (21 + 6) = 31 + Sj — 3k. 
Thus C = (3,5, —3). 


PROBLEMS FOR SECTION 10.3 


In Problems !-3, find the vector represented by the directed line segment PO. 


1 P=(0,0,1), Q=(5, -1,8) 
2 P =(5,10,0), Q = (4,10, 1) 
3 P=(7,-2,4), Q=(7, —2,3) 


In Problems 4-6, find the point Q such that A is the vector from P to Q. 


4 P=(4,6,-4, A=i+j+k 

5 P=(1,—-2,3, A= —i+ 2j — 3k 

6 P =(0,0,0), A = —3i — 4j + 2k 
In Problems 7-22, find the given vector or scalar where 

A =i — 2j + 2k, B = 2i + 3j — 6k 
7 A+B 8 A-B 
B-A 10 4A 

11 —B 12 —3A + 4B 

13 |A| 14 |BI 

15 {A + Bl 16 [B-Al 

17 The angle between A and B 

18 The angle between A and A + B 

19 The angle between A and 3A 
20 The angle between A and —2A 
21 The unit vector and direction cosines of A 
22 The unit vector and direction cosines of B 
23 Find the vector with length 6 and direction cosines (— 1/2, 1/2. if /2): 
24 Find the vector with length 3 and direction cosines (1//3, ees 1/,/3). 
25 if} and % are two of the direction cosines of a vector, what are the two possible values 


for the third direction cosine? 
26 If the three forces 
F, =i + 2j + 3k, F,=3i-j-—k, F, = 4k 
are acting on an object, find the total force. 


27 Ifa force F = 6i — 10j + 2k Is acting on an object of mass 20, find its acceleration vector. 
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28 Tf a trader has the initial commodity vector A = 15i + 20j + 30k and buys the com- 
modity vector B = 2i + k, find his new commodity vector. 
29 If three commodities have the original price vector .P = 100i + 200j + 500k and all 


prices increase 25%, find the new price vector. 


In Problems 30-35, find a vector equation for the given line. 


30 The line with parametric equations x = —t, y = 1+ ./2i,z = 6 — 81. 
31 The line with parametric equations x =1+f,y=3,z=1-6. 
32 The line through the points P(O, 0, 0), Q(1, 2, 3). 
33 The line through the points P(—1, 4, 3), Q(—2, —3, 6). 
34 The line through the point P(4, 4, 5) with direction cosines (1 /./6, J2/ /6, J3//6). 
35 The line through the origin with direction cosines (—3, 0,4). 
36 Find the midpoint of the line segment AB where A = (—6, 3, 1), B = (0, —4, 0). 
37 Find the midpoint of AB where A = (1,2, 3), B = (—1, 2, 7). 
38 Find the midpoint of AB where A = (6, 8, 10), B = (6, —8, — 10). 
39 Prove that if two sides of a triangle in space have equal lengths, then the angles opposite 
them are equal. 
40 Prove that if @ is the angle between A and B then z — @ is the angle between A and —B. 
Hint : Show that the sum of the cosines is zero. 
41 Prove the Triangle Inequality for three dimensions. 
42 Use the Triangle Inequality to prove that if A and B are two nonzero vectors then 
1 </AP+IBP -IB- AP. | 
2/A| |B] 


PRODUCTS OF VECTORS 


In the preceding sections we studied the sum of two vectors and the product of a 
scalar and a vector. We shall now define the inner product (or scalar or dot product) 
of two vectors A and B, denoted by A-B. 

The inner product arises in quite different ways in physics and economics. 
We first discuss an example from economics. 

If the price per unit of a commodity is p, the cost of a units of the commodity 
is the product pa. Similarly, if a pair of commodities has price vector 


P = pyi + Paj, 
the cost of a commodity vector 
A= a,i + aj 
is found by adding the products of the prices and quantities, 
cost = pyda, + Prd>. 
If three commodities have price vector 
P.= pyi + paj + p3k, 
the cost of a commodity vector 


A = adi + aj + a3k 
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is the sum of products, 
cost = Pid, + P22 + P3d3. 
Notice that the cost is always a scalar. The quantity 
Pid, + Pra + P33 


is the inner product of the vectors P and A. 


DEFINITION 


Two Dimensions The inner product of A = a,i + a,j and B = b,i + bj is 
the scalar 


A+B = a,b, + aybp. 


Three Dimensions The inner product of A = a,i + a,j + a3k and B= b,i + yj + 
b3k is the scalar 


A+B = a,b, + dyby + a3b3. 


Thus the cost of a commodity vector A at the price vector P is equal to the 
inner product of P and A, cost = P-A. 


EXAMPLE 1 Compute the inner product of i — j + 3k andj + k. 
(i — j + 3k)-(j +k) = 1-04 (-1)-143-1 =2. 


EXAMPLE 2 Find the cost of one unit of commodity a, 3 units of commodity b, 
and 2 units of commodity c if the prices per unit are 6, 4, and 10 respectively. 


cost = (6i + 4j + 10k) (i + 3j + 2k) 
=6°14+4-34 10-2 = 38. 


EXAMPLE 3 Suppose a trader buys a commodity vector 
A = 40i + 60j + 100k 
at the price vector 
P = 3i + 2j + 4k 
and then sells it at the new price vector 
Q = 2i + 5j + 3k. 
Find his profit (or loss). 
Since the trader pays P+ A and receives Q+ A, his profit is given by 
profit = Q-A — P-A. 


Thus profit = (2-40 + 5-60 + 3+ 100) — (3-40 + 2-60 + 4- 100) 
= 40. 


A positive number indicates a profit and a negative number indicates a loss. 


10.4 PRODUCTS OF VECTORS 
EXAMPLE 4 A buyer has $7500 and plans to buy a commodity vector B in the 
direction of the unit vector 
U= i+ 3+ 3k 
Find the largest such commodity vector B which he can buy if the price 
vector 1s 
P = 2i + S5j+k. 
We must have B = fU for some positive t, and also 
P-B = 7500. 


We solve for f. 


7500 = P-B= P-U = «(P-U). 
7500 7500 7500 
P-U 2-34 5-¢4+1+4 5 
Thus B = © = 1000i + 1000j + 500k. 


= 1500. 


Another illustration of an inner product is the notion of work in physics. 
Suppose a force vector F acts on an object which moves in a straight line with a 
displacement vector S. If the force F has the same direction as the displacement S, 
i.e., the angle 0 between F and S is zero, work is simply the product of the magnitudes 
of F and S; 


W = {F||S| if@ = 0. 
In general, work depends on the component of the force in the direction of the dis- 
placement, that is, the product |F| cos @. The geometric meaning of this component 
is shown in Figure 10.4.1. 


Work is defined as the product of the component of force in the direction of 
S and the length of S, so 


W = |F||S| cos @. 


Work is thus a scalar quantity. It is positive if the angle @ is less than 90°, zero if 
6 = 90°, and negative if @ > 90°. Our first theorem shows that work is equal to the 
inner product of F and S, 


W=F-S. 


The component 
of F in the 
direction of S 


Figure 10.4.1 
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THEOREM 1 


If 0 is the angle between vo nonzero vectors A and B, then A+ B = |A||B| cos 0. 


PROOF We give the proof in two dimensions. By the Law of Cosines. 
|A? + |B)? — |B — A? 


cos 0 : “IATL 
(aj + a3) + (b? + b3) — [(b, — a,)? + (by -— ay)"] 
2A\|Bl . 
2bya, + 2b,a, A+B 
~  QANBE [ALIBI 


Multiplying through by !A||B], we have 
A+B = [A||B| cos 0. 


EXAMPLE 5 A lawnmower is moved horizontally (in the x direction) a distance of 
10 feet. Find the work done if the lawnmower is pushed by a force F where 


(a) |F| = 15 pounds, (@ = 30°. (See Figure 10.4.2a.) 
(b) KF = 8i — Sj. in pounds. (See Figure 10.4.2b.) 


Figure 10.4.2 


(a) cos? = TS, |S| = 10. 
W = [F||Sjcos0 = 15-10-4,/3 = 75,/3 ft lbs. 
(b) W=F-S =8-10 + (—5)-0 = 80 ft Ibs. 


The angle between two vectors can be easily computed using the inner 
product. 


COROLLARY 


If A and B are nonzero vectors, the angle 0 between them has cosine 


A+B 


cos 0 = ——-. 
|A| |B] 
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EXAMPLE 6 Find the angle between the vectors 

A=3i+j-—k, B= —-i+ 5j+k. 
A-B S15 (104 1 
IAB] /37 4 17 + 17/17 +5741? \/11- 27° 


cos 0 


6 = arccos 


1 
Jit +27 


Here is a list of algebraic rules for inner products. All the rules are easy to 
prove in either two or three dimensions. 


THEOREM 2 (Algebraic Rules for Inner Products) 
(i) Avi=a,, Asj=a,, A-k=asy. 
(ii) A-O=0-A=0., 
(ii) A-B=B-A (Commutative Law). 
(iv) A-(B+C)=A-B+A-C (Distributive Law). 
(v) (tA)-B = t(A-+B) (Associative Law). 
(vi) A-A=|A/?. 


PROOF Rule (vi) is proved as follows in three dimensions. 


A+A = ad, + GQ, + 30, = a? + a3 + a3 = [Al’. 
Inner products are useful in the study of perpendicular and parallel vectors. 


DEFINITION 


Two nonzero vectors A and B are said to be perpendicular (or orthogonal), 
A 1B, if the angle between them is n/2. A and B are said to be parallel, A || B, 
if the angle between them is either O or x. 


TEST FOR PERPENDICULARS 


Let A and B be nonzero vectors. Then A 1 B if and only if A+B = 0. 


PROOF The following are equivalent: 


A-B 


A-B=0, ee 
|Al |B 


0, cos 8 = 0, 8 = n/2. 


TEST FOR PARALLELS 


Given two nonzero vectors A and B, the following are equivalent : 


(i) AB. 
(ii) |A+ BI = |A]|BI. 
(iii) Ais a scalar multiple of B. 
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PROOF To show that (i) is equivalent to (ii). we note that the following are equivalent. 


A|[B. 

cos0 = +1. 
A-B 

4 = al: 
|A||B| 

A+-B= +|A||BI. 
|A » B] = |A|BI. 


We now show that (i) implies (iii), and (iii) implies (i). Assume (1), AJB. 


Case? 0 =0. Let U and V be the unit vectors of A and B. By the Law of Cosines. 
(uj? + |v? — |v — UP 
cos 0 = 
2[U||V| 
= 2-|V- U)? 
= i 
lV —U] =0, 
A B 
=U=V=—. 
Al |B| 
|A| 
A=—B. 
|B 
ious A 
Case 2 0) = 7. We see, by a similar proof, that A = a8 In either case, A is a 


scalar multiple of B. 


Finally, assume (iii), say A = tB. Then 
Sas A-B  1B-B_ ¢(B-B) — ¢B??_ _ er 
(A||B] {¢Bi|B] {rl [BI|B) {rJBIP 


Therefore 0 = 0 or 0 = 2, so A[IB. 


EXAMPLE 7 Test for AL Band A]||B using the inner product. 
(a) A=3i+j—k, B=i-3j+k. 
We compute A+B and |A]|B). 
A-B= —-l, JA||B] = If. 
Since A+B 40, not A LB. 
Since A+B 4 + JA||B], not A||B 
(b) A=2- /3j+k B= —\/8i + \/6j — \/2k. 
A-B=— 8/2, {AIIBI = 82. 
Therefore A | B. 
(c) A=3i¢j—-k B=i-—3j 
A+B = 0. Therefore A 1 B. 


Figure 10.4.3 illustrates this example. 


Figure 10.4.3 


10.4 PRODUCTS OF VECTORS 


We conclude this section with a theorem about perpendicular vectors, 
first in the plane and then in space. 


THEOREM 3 


Let A = a,i + aj be a nonzero vector in the plane. 


(i) 
(ii) 
PROOF (i) 
(ii) 


The vector B = ai — a,j is perpendicular to A. 
Any vector perpendicular to A is parallel to B. 


We compute A: B = a,a, + a,(—a,) = 0. 
If C 1 A, then both B and C make angles of 2/2 with A, so the angle 


between B and C is either 0 or z. Therefore B || C. 


EXAMPLE 8 


Answer — 


Figure 10.4.4 


Find a vector perpendicular to A = 4i — 7j. 
—Ti- 4 (Figure 10.4.4). 


Theorem 3 raises the following problem about vectors in space. Given two 
vectors A and B which are neither zero nor parallel, find a third vector C which is 


perpendicular 


to both A and B. For example, if A is i and B is j, then the vector k is 


perpendicular to both i and j. So is any scalar multiple of k. In general it is not easy 
to see how to find a vector perpendicular to both A and B. In fact, to solve the problem 
we need a new kind of product of vectors, the vector product 


A xB. 
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DEFINITION 
Given two vectors 
A = a,i + a,j + agk, B = b,i + b,j + b3k 
in space, the vector product (or cross product) is the new vector 


A x B = (a3b3 — d3b,)i + (a3b, — a,b3)j + (a,b. — a2b,)k. 


This definition can be remembered by writing down the determinant 
ij k 
AxB= a, @) G3. 
b, by b, 


The positive and negative terms of A x B are the products of the diagonals shown 
in Figure 10.4.5. 


See" 


Figure 10.4.5 Positive terms Negative terms 


EXAMPLE 9 Find A x B where 
A=4i-j+k, B = 2j —k. 


AxB=(/4 -1 | 


= ((—1)(—1) — 1-2)i + (1-0 — 4(~1))j + (4-2 — (—1)-0)k 
= -i+ 4) + 8k. 
A, Band A x B are shown in Figure 10,4.6. 


The vector products of the unit vectors i, j, and k are 
ixi=0, jxj=0. kxk=0, 
ixj=k, jxk=i, kxi=j; 
jxi=-k, -kxj=-i, ixk= -j. 


Notice that A-B is a scalar but A x B is a vector. 
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Figure 10.4.6 


THEOREM 4 
Let A and B be two vectors in space which are not zero and not parallel. 


(i) A x Bis perpendicular to both A and B. 
(ii) Any vector perpendicular to both A and B is parallel to A x B. 


PROOF (i) Wecompute the inner products. 


A+(A x B) = a,(a,b3 — a3b2) + a(a3b, — a,b3) + a3(a,b2 — ab) 
= Gab, — A,a3b, + G2a3b, — a\ayb3 + aya3b, — ana), 
= 0. 
Similarly B-(A x B) = 0. 
It remains to prove that A x B # 0. At least one component of A, say a,, 
is nonzero. Let t = b,/a, and let C = A x B. When we solve the equations 
C3 = a,b, — anb,, Cy = a3b, — a,b; 


for b, and b;, we get 


C3 C2 
b, = tay, bs =— + tay, b, = — + tay. 
ay ay 


Since B is not parallel to A, B 4 (A. Therefore at least one of c,, c3 is nonzero, 
soC ¥ 0. 
(ii) Let C = A x B and let D be any other vector perpendicular to both 
A and B. Then 

A+D = a,d, + dgd, + a3d3, = 0. 

B-D = },4, + byd, + b3d; = 0. 
At least one component of D, say d, , is nonzero. We may then solve the above 
equations for a, and b,, 


dyd4 + a3d3 ee bod, + b3d, 
dy ' , d, 


Let s = c,/d,. Then c, = sd,. Also, 


a, = 
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a3(byd, + b3d3) n b3(dady + a3d3) 
dy dy, 


C2 = 43b, — a,b; 


(dob; = asb,)d, c,d, 
= = = sd). 
d, d, 


Similarly, c; = sd,. Therefore C = sD, and C is parallel to D. 


Warning : The Commutative Law and the Associative Law do not hold for 
the vector product. For example, 
ixj=k, jxi= —-k 
ix (ix j=9, (ix j)xjs ri. 
However, vector products do satisfy the Distributive Laws 
(sA + (B) x C=s(A x C) 4+ 4B x ©), 
C x (sA + tB) = s(C x A) + «(C x B). 

The proof is left as an exercise (Problem 36 at the end of this section). 
Here is a brief summary of the operations on scalars and vectors. 
Addition: s+ tis a scalar 

A + Bis a vector 
s + A is undefined 
Multiplication : st 1s a scalar 
sA is a vector 
A+ Bisa scalar 
A x Bisa vector 
Division: s/t is a scalar 
A/t is a vector 
s/B and A/B are undefined 
Absolute value and length : js] is a scalar 
|A| is a scalar 


One must be careful in forming longer expressions. For example, 
A+(B + C) is a scalar, 
(A+B) + C is undefined, 
(A+ B)C is a vector. 


PROBLEMS FOR SECTION 10.4 


In Problems I-11, (a) compute A -B, (b) test whether A is perpendicular or parallel to B, and 
(c) find the cosine of the angle between A and B using A -B. 


I A=i-3j, B=2i- 6j 
2 ASA BS] 
3 AsitaAg fk Beis k 


13 


14 
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A=i+k, B=j 

A=6i-—j, B= 2i— 12j 

A=5i-jt+k, B= —-Si+j-—k 

A=i+4j— 10k, B= 4i+ 4+ 10k 

A=i+2j+ 3k, B= 2i-—3j+k 

A= /%+ j+k B= /2i-/i+k 

A= i+ /6—-k, B=./3i- ./6j — 3k 

A=i-./5j+./2k, B= ./5i — 5j + \/10k 

Which of the following are vectors, which are scalars, and which are undefined? 


(a) s(A +B) (b) (s+ 0A 
(c) (sA)-(¢B) (d) s + (tA) 

(ec) s(A+B) (f) A+(B-C) 
(g) Ax (B+C) (h) A x (B-C) 
(i) A-(Bx ©) (j) (Ax B)+C 


Find the cost of the commodity vector A = 15i + 4j + 6k at the price vector P = i + 
2j + 3k. 

Find the profit or loss if a trader buys the commodity vector A = 3i + 16j + 4k at 
the price vector P = 2i + 4j + 6k and sells it at the price vector 3i + 2j + 10k. 


A trader initially has the commodity vector A = i + 3j + 6k. He sells his whole com- 
modity vector at the price P = 3i + j + 2k and uses the revenue from this sale to buy 
an equal amount of each commodity. Find his new commodity vector. 

Find the amount of work done by the force vector F = 3i — j — 4k acting along the 
displacement vector S = Si + 3j + k. 


Find the work done by a force vector of magnitude 10 acting along a displacement of 
Jength 40 if the angle between the force and displacement is 45°. 


Prove that the basis vectors i, j, k are perpendicular. 

Find a vector in the plane perpendicular to A = i + j. 

Find a vector in the plane perpendicular to A = 2i — 9j. 

Compute A x B where A =i — 3) +k, B= —i-—j+k. 

Compute A x BwhereA =i-—j+k,B=i+j+k. 

Compute A x B whereA =i+k,B=j—k. 

Find a vector perpendicular to both A=i+j—k,B=i-j+k. 
Find a vector perpendicular to both A = i + 2j + 3k, B =i + .3j + 4k. 
Find a vector perpendicular to both A = —i— 4+ k, B =j — 2k. 


Find a unit vector in the plane perpendicular to A = 3i — 4j. 

Find a unit vector in the plane perpendicular to A = 2i — j. 

Find a unit vector perpendicular to both A=i+j,B=k. 

Find a unit vector perpendicular to both A = 2i + 3k, B = —i+j-—k. 

Find the angle between two long diagonals of a cube. 

Find the angle between a long diagonal and a diagonal along a face of a cube. 

Find the angle between the diagonals of two adjacent faces of a cube. 

Show that the inner product of two unit vectors is equal to the cosine of the angle 
between them. 

Use inner products to prove that the diagonals of a rhombus (a parallelogram whose 
sides have equal lengths) are perpendicular. 
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O 36 Prove the Distributive Law for vector products. 
(sA + tB) x C= s(A x C) 4+ (Bx C). 
O 37 Prove the Anticommutative Law for vector products. 
Bx A= —(A x B). 


O 38 Prove that A || B if and only if A x B = 0 (where A, B are nonzero). 


D 39 Show that the length of A x B is equal to the area of the parallelogram with sides A and 
B, in symbols 


|A x B] = |AIIBI sin 0. 


O 40 Prove that the “scalar triple product” A+(B x C) is equal to the volume of a parallelo- 
piped with edges A, B. and C. 


10.5 PLANES IN SPACE 


DEFINITION 
A plane in space is the graph of an equation of the form 
ax + by + cz =d 


where a, b, c are not all zero. 


The simplest planes are those where two of the numbers a, b, ¢ are zero. 


The plane x = d is parallel to the yz-plane. 
The plane ) = d is parallel to the xz-plane. 
The plane z = d is parallel to the xy-plane. 


These three cases are illustrated in Figure 10.5.1. 


Figure 10.5.1 


10.5 PLANES IN SPACE 


The examples below show how to draw sketches to help visualize other 
planes. The idea is to use the points where the plane cuts the coordinate axes, and 
to draw a triangular or rectangular portion of the plane. 


EXAMPLE 1. (For sketching a plane where a, b, c and d are nonzero.) Sketch the plane 
x+2y+2z=2. 


Step 7 Find the points where the plane crosses the coordinate axes. 
x-axis: Wheny=z=0, x=2. 
The plane crosses the x-axis at (2, 0, 0). 
y-axis: Whenx=z=0, y=I1. 
The plane crosses the y-axis at (0, 1, 0). 
z-axis: Whenx=y=0, z=2. 
The plane crosses the z-axis at (0, 0, 2). 


Step 2. Draw the triangle connecting these three points, as shown in Figure 10.5.2. 
This triangle lies in the plane. 


EXAMPLE 2 (For sketching a plane where two of a, b, c are nonzero and d # 0.) 
Sketch the plane 2x + z = 4. 


Step 1 Find the points where the plane crosses the x- and z-axes. 
The plane crosses the x-axis at (2, 0, 0). 
The plane crosses the z-axis at (0, 0, 4). 


Step 2. The plane is parallel to the y-axis. Draw a rectangle with two sides parallel 
to the y-axis and two sides parallel to the line segment from (2, 0,0) to 
(0, 0, 4), as in Figure 10.5.3. This rectangle lies in the plane. 


EXAMPLE 3 (For sketching a plane with d = 0.) Sketch the plane x + 2y — z= 0. 


Figure 10.5.2 Figure 10.5.3 
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Step 7 The plane passes through the origin because (0, 0,0) is a solution of the 
equation. Find another point where x = Oand a third point where y or z = 0, 
x = 0, ea ee 
x= 1, =O, gi] 


Step 2. Connect the points (0, 0,0), (0, 1,2), (1,0, 1) to form a triangle which lies 
in the plane, as in Figure 10.5.4. 


(0, 1, 2) 


(1, 0, 1) 


(0, 0, 0) 


x+2y—z=0 
Figure 10.5.4 


A position vector ofa plane p is a vector P such that P is a point on the plane. 
A direction vector of p is a vector D from one point of p to another. A normal vector 
of p is a vector N which is perpendicular to every direction vector of p. These vectors 
are illustrated in Figure 10.5.5. 


x 


Figure 10.5.5 Position, Direction, and Normal Vectors 


We shall often find it convenient to write a scalar equation 
ax + by +ez =d 
for a plane in vector form, 
(ai + bj + ck)» X =. 


We call this a vector equation for the plane. 
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THEOREM 1 
(i) A vector is normal to a plane N-X = d if and only if it is parallel toN. 


(ii) There is a unique plane with a given normal vector N and position vector 
P, and it has the vector equation 


N-X=N-P. 


PROOF (i) Call the plane p. For any direction vector D = Q — P of p, we have 
N-D=N-(Q-P)=N-Q-N-P=d-—d=0. 
Let M be parallel to N, say M = sN. 
M-D = (sN)-D = s(N-D) = 0. 
Hence M | D and M is normal to p. 


Now suppose M is normal to p. Let C and D be two nonparallel direction 
vectors of p. Then both M and N are perpendicular to C and D. Therefore 
M and N are parallel to C x D and hence parallel to each other. 


(ii) Set d =N-P. The plane p with the equation N- X = d has position 
vector P and normal vector N by (i). 


To show p is unique let g be any plane with position vector P and normal 
vector N. q has a vector equation M+ X = e. By (i), N is parallel to M, say 
N = sM. Then the following equations are equivalent for all X: 


N-X=N-P=d. 
(sM)+X = (sM)-P. 
s(M - X) = s(M-P), 
M-X=M-P=e. 
It follows that q equals p. 


EXAMPLE 4 The plane 2x + 3y — z = 5S has the normal vector 
N = 2i+ 3j —k 
and the vector equation 


(2i + 3j — k)-X = 5. 


EXAMPLE 5 Find the vector and scalar equations for the plane with position and 
normal vectors 


P = 3i —j — 2k, N=i+j+4k. 
We first compute N - P, 
N-P=1-3+1-(—1) + 4-(—2)= —6. 
A vector equation is (i +j+ 4k)-X = —6. 
A scalar equation is x+yt+4z= —6. 


The plane is shown in Figure 10.5.6. 
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Figure 10.5.6 


The vector product can sometimes be used to find a normal vector of a plane. 


COROLLARY 


If C and D are two nonparallel direction vectors of a plane p, then C x D isa 
normal vector of p. 


PROOF p has some normal vector N. N is perpendicular to both C and D, and hence 
parallel to C x D,so C x Disa normal vector of p. 


EXAMPLE 6 Find the plane with position vector P =k and direction vectors 
C= -2i+j+k. D= -j. 
First we find a normal vector of the plane, 
N=CxD=(1-0—-—1-(—1)i+ (1-0 — (—2)-0)j + (—2)(—1) — 1-0)k 

=i + 2k. 

Then N-P=1-0+4+0-042-1 =2. 
The plane has the vector equation (i + 2k)-X = 2 
and the scalar equation x + 22 = 2. 


The plane is shown in Figure 10.5.7. 


EXAMPLE 7 Find the plane through the three points 
P(—1, 3, 1), Q(1, 2, 3), S(—1, —1, 0). 
The plane has position vector 
P= -i+3j+k 
and the two direction vectors 
C=Q-— P= 2i —j + 2k, 
D=S-P=-4-k. 
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Figure 10.5.7 x 


A normal vector of the plane is 
N=CxD=((—1)(—1)— 2(—4)ji + (2-0 — 2(— Ij + Q(—4) — (— 1)-0)k 
= 9i + 2j — 8k. 
Then N-P = 9— 1) + 2-3+(—8)-1= —11. 
The plane has the vector equation (91 + 2j ~— 8k)-X = —11 
and the scalar equation 9x + 2y — 8z = -11. 


The plane is shown in Figure 10.5.8. 


Figure 10.5.8 


Two planes are said to be parallel if their normal vectors are parallel. A line 
Lis said to be parallel to a plane p if the direction vectors of L are perpendicular to the 
normal vectors of p. 

Two planes are said to be perpendicular if their normal vectors are per- 
pendicular. A line L is said to be perpendicular to a plane p if the direction vectors of 
L are normal] to p. Figure 10.5.9 illustrates these definitions. 


EXAMPLE 8 Determine whether the plane 3x — 2y + z=4 and the line 
X = (3i —j + k) + ci + j — k) are parallel. 


The plane has the normal vector N = 3i — 2j + k. 
The line has the direction vector D=i+j—k. 
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N 
L 
D 
7 
P | 


(a) Parallel planes (b) A line / parallel to a plane p 


(c) Perpendicular planes (d) A line L perpendicular to a plane p 
Figure 10.5.9 


We compute N-D = 3+1 +(-—2)-+1 + 1(-1)=0. 
Therefore the plane and line are parallel (Figure 10.5.10). 


EXAMPLE 9 Find the line L through the point P(1, 2, 3) which is perpendicular to 
the plane 3x — 4y + z = 10. 


The plane has the normal vector N = 3i ~— 4j + k. 
Therefore N is a direction vector of L, and L has the vector equation 
X=P+IN, 
=i+ 2j + 3k + ¢(3i — 4j + k) 
(see Figure 10.5.11). 


EXAMPLE 10 Find the plane p containing the line X =i + t(j + k) which is per- 
pendicular to the plane x + 3) — 2z = 0. 


The given plane q has the normal vector M = i+ 3j — 2k, 
and the given line L has the direction vector D=j+k. 


The required plane p must have a normal vector N which is perpendicular to 
both M and D, so we take 
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Figure 10.5.10 Figure 10.5.11 
Ji i kl 
N=MxD=l1 3 -2, N=Si-jtk 
lo ] 1 | 


The vector P = iis a position vector of L and therefore a position vector of p. 
So p has the vector equation 


N-X= N-P, 
(Si-j+k)-X =5, 
and the scalar equation 5x —-y+z=5 (see Figure 10.5.12). 


Figure 10.5.12 
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A line which is not parallel to a plane will intersect the plane at exactly one 
point. 


EXAMPLE 11 Find the point at which the line X =i—j+k + 43i—j—k) 
intersects the plane 3x — 2); + 2 = 4. 


The line has the parametric equations 
x=1+ 3, y= -1-6, f=] Sty 
We substitute these in the equation for the plane and solve for f. 
3(1 + 31) —- 2-1 ~-thh +01 -H=4, 
6+ 10 = 4, 
f= —t, 


Therefore the point of intersection is given by the parametric equations for 


the line att = —+; 


(see Figure 10.5.13), 


Figure 10.5.13 


Two planes which are not parallel intersect at a line. 


EXAMPLE 12 Find the line L of intersection of the planes 
4x —-S5Sy4+2=2, 
x + 22 =0. 


Step 1 To get a position vector of L, we find any point on both planes. Setting z = 0 
and solving for x and y, we obtain the point S(0. —2, 0) on both planes. Thus 
S = —2jis a position vector of L. 
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Step 2. To get a direction vector D of L we need a vector perpendicular to the normal 


vectors of both planes. The normal vectors are 


M = 4i — 5j+k, N =i + 2k. 


i jk 
We take D=MxNez=j4 —-5 1 
1 0 2 

= —10i — 7j + 5k. 


Thus Listheline X = —2j + «(—10i — 7j + 5k). 


PROBLEMS FOR SECTION 10.5 


In Problems 1-12 find the points, if any, where the plane meets the x, y, and z axes. and sketch 
the plane. 


x+y+z=1 2 10x + Sy + z= 10 
2x —2y+z=2 4 —x+3y4+3z= —3 
x+ty=1 6 y+3z=1 
x—-z=2 8 x+tyt+z=0 

4x —y+2z=0 10 dx —y—z=0 
x-y=0 12 2y4+42z2=0 

Find a normal vector to the following planes. 

(a) x—3y+6z=4 (b) x+2y=0 
(c) —3x+4y+z=0 (d) x+6z=8 

(ec) yp=4 (f) -y+z=5 


Find a scalar equation for the plane described in Problems 14-32 


14 
15 
16 
17 
18 


19 
20 
21 
22 
23 


24 


25 


The plane with normal vector N = i + j — k and position vector P = 2i + k. 
The plane with normal vector N = j + 2k and position vector P = i + 3j — 6k. 
The plane through the point (1, 5, 8) with normal vector N = 5i+ j—k. 
The plane through the origin with normal vector N = i+ j + 2k. 
The plane with position vector P = i—j and direction vectors C =i+j-4k, 
D=i-j-k. 
The plane through the point (1, 2, 3) with direction vectors C = i,D =j +k. 
The plane through the points A(0, 4, 6), B(S, 1, — 1), C(2, 6, 0). 
The plane through the points A(5, 0, 0), B(O, 1, 0), C(O, 0, — 4). 
The plane through the points A(4, 9, — 6), B(6, 6, 6}, C(1, 10, 0). 
The plane through the point A(1, 2, 4) containing the line 

X = 21+ 3) +k + ei — k). 
The plane through the point A(0, 5, 1) containing the line 

X =i+ (3i-—j+k). 
The plane through the point A(5, 0, 1) perpendicular to the line 
X=i+j+k + «(2i + j + 3k). 
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26 


27 
28 
29 


30 


31 


32 
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The plane through the origin perpendicular to the line 
X = 1(5i — j + 6k). 
The plane through the point A(4, 10, —3) parallel to the plane x + y — 22 = 1. 
The plane through the origin parallel to the plane 4x + y + z = 6. 
The plane containing the line X = i + j — k + «(3i + k) and perpendicular to the plane 
2x-—y+2=3. 
The plane containing the line X = 3j + (Si + j — 6k) and perpendicular to the plane 
xty4+72=0. 
The plane containing the line X = 3i+ j +k + ei ~ 6k) and parallel to the line 
X=i4+j+ 13i+ 4) +k). 
The plane containing the x-axis and parallel to the line X = «(i + 2] — k). 


In Problems 33-36, test for perpendiculars and parallels. 


33 
34 
35 
36 


The planes x — 3) + 2z = 4, —2x + 65 — 4z = 0. 

The planes 4x + 3p —2 =6,.X+ y+ 72 =4. 

The plane —x + » — 2z = 8 and the line X = 21 + k + 403i — j + k). 
The plane x + + 32 = [0 and the line X = 3j + c(i + 2j — k). 


In Problems 37--42 find a vector equation for the given line. 


37 
38 
39 
40 
41 
42 


The line through P(5, 3, — 1), perpendicular to the plane x — y + 3z = I. 
The line through the origin, perpendicular to the plane x — + z = 0. 
The line of intersection of the planes x + y+2=O0,x —y+2z=1. 
The line of intersection of the planes 2x + 3 —4z = 1,x +2=4. 

The line of intersection of the planes x + y = l,y ~ z 
The line of intersection of the planes x — 2) + 3z = 0,2 = —2. 


In Problems 43-49, find the coordinates of the given point. 


43 


44 
45 
46 


47 
48 


49 
50 
51 


52 
53 


54 


The point where the line X = 3i+j+k +s(—i + 3j — k) intersects the plane 
x+2y—-z2=4. 


The point where the line X = i + k + ¢(j + k) intersects the plane x + 2y = —3. 
The point where the line X = ¢(i — 2k) intersects the plane x — 3y' + 22 = 4. 


The point P on the plane x + 3y + 6z = 6, nearest to the origin. Hint: The line from 
the origin to P must be perpendicular to the plane. 


The point P on the plane x + + z = I, nearest to the point A(—1, 2, 3). 


The point P on the line X = i + 2j + 3k + ¢(i — j + k) nearest to the origin. Hint: P 
must be on the plane through the origin perpendicular to the line. 


The point P on the line X = j + ¢(i + 3k) nearest to the point A(I, 2, 3). 
Prove that any three points which are not all on a line determine a plane. 


Prove that if a line and plane are parallel and have at least one point in common then 
the line is a subset of the plane. 


Prove that if two parallel planes have at least one point in common then they are equal. 


Let p bea plane with normal vector N. Prove that every vector D perpendicular to N is 
a direction vector of p. 


Given a plane p and a line L not perpendicular to p, prove that there is a unique plane q 
which contains L and is perpendicular to p. 
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10.6 VECTOR VALUED FUNCTIONS 


A vector valued function is a function F which maps real numbers to vectors. We shall 
study vector valued functions in either two or three dimensions. Here is the exact 
definition. 


DEFINITION 


A vector valued function in two dimensions is a set F of ordered pairs (t, X) 
such that for every real number t one of the following occurs. 


(i) There is exactly one vector X in two dimensions for which the ordered 
pair (t, X) belongs to F. In this case F(t) is defined and F(t) = X. 


(ii) There is no X for which (t, X) belongs to F. In this case F(t) is said to be 
undefined, 


The definition of a three-dimensional vector valued function is similar. 
A vector valued function in two dimensions can be written as a sum 


F(.) = foi + AM). 


The functions f; and f, are real functions of one variable, called the components of F. 
The vector equation X = F(t) can also be written as a pair of parametric equations 


x = f,(0), y = frlt). 


As t varies over the real numbers, the point X(x, y) traces out a parametric curve in the 
plane. The vector valued function F(é) is called the position vector of the curve. 

The line with the vector equation X = P + (C is a parametric curve with 
position vector F(t) = P + tC and components 


Silt) = py + tey, frlt) = po + te. 


EXAMPLE 1 Find the vector equation for a particle which moves counterclockwise 
around the unit circle, and is at the point (1, 0) at time ¢ = 0, shown in Figure 
10.6.1. 


y 


t=0~* 


Figure 10.6.1 
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The motion is given by the parametric equations 
X = cost, y = sint, 


and the vector equation X = costi + sin¢j. 


EXAMPLE 2. A ball thrown at time t = 0 with initial velocity of v, in the x direction 
and v, in the y direction will follow the parabolic curve 


xX = vy, y = vyt — 1607. 


The curve (Figure 10.6.2) has the vector equation X = v,ti + (vat — 16f°)j. 


¥ 
F(f) 
1=0 
\ 
ra \ i 


Figure 10.6.2 


EXAMPLE 3 A point on the rim ofa wheel rolling along a line traces out a curve called 
a cycloid. Find the vector equation for the cycloid if the wheel has radius one, 


rolls at one radian per second along the x-axis, and starts at ¢ = 0 with the 
point at the origin. 


As we can see from the close-up in Figure 10.6.3, the parametric equations are 
x=f-—sint, y= 1—- cost. 


The vector equation is X = (t — sinf)i + (1 — cosf)j. 


A vector valued function in three dimensions can be written in the form 
F(t) = fii + A(O) + (Ok 


and has the three components /,, f,, and f,;. The equation X = F(t) can be written 
as three parametric equations 


x=f0, y= Alt, 2 = Ald) 


and as t varies over the reals we get a parametric curve in space. 


EXAMPLE 4 The space curve 
X = costi+t sinrj + tk 


is a circular helix. The point (x, y) goes around a horizontal circle of radius 
one whose center is rising vertically at a constant rate (Figure 10.6.4). 


EXAMPLE 5 In economics the price vector may change with time and thus be a 
vector valued function of ¢. Find the price vector function P(t) for three 
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t=3n/2 t=20 t=4r 


Figure 10.6.3 


Figure 10.6.4 


commodities such that the first commodity has price 17, the second has price 
t + 1, and the price of the third commodity is the sum of the other two 
(t = 0). The answer is 


PQ) = ?i+ (4+ Dj+@? +14 Dk. 
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PROBLEMS FOR SECTION 10.6 


Find the vector equations for the motion of the given point in the plane. The positions at ¢ = 0 
and t = | are as shown in the figures. 


1 A point moving along the parabola y = x? in such a way that x = 31. 

2 A point moving along y = x? so that xy =r. 

3 A point moving upward along the line + = 2x so that its distance from the origin at 
time ris f°. 

4 A wheel of radius onc is turning at the rate of one radian per second. At the same time its 
center is moving along the x-axis at one unit per second. Find the motion of a point on 
the circumference of the wheel. 

The point at distance one from the origin in the direction of the point (f, [). 
The point where the parabola y = x? intersects the line through the origin which makes 
an angle t with the x-axis. 

7 The point halfway between a point P going around the circle x? + y? = | at one radian 
per second and a point Q going around the same circle at 3 radians per second. 

8 A wheel of radius one rolls along the x-axis at one radian per second. Find the motion 
of a point on the circumference of a concentric axle of radius 4. 

9 A circle of radius one rolls around the outside of the circle x7 + y* = 9 at one radian 
per second. Find the motion ofa point on the circumference of the smaller circle. 

10 Find the motion of the point in Problem 9 if the small circle rolls around the inside of 
the large circle. 

I! A string is unwound from a circular reel of radius one at one radian per second. The 
string is held taut and forms a line tangent to the reel. Find the motion of the end of the 
string. 

1. 2; 

ea | 
t=0 

4, 5. 

| 
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t=0 

In Problems | 2-23, find the vector equation for the motion of the given point in space. 

12 A point moving so that at time ¢ its position vector has length ¢? and direction cosines 
3,9). 

13 A point X moving at one radian per second counterclockwise around a horizontal 
unit circle whose center is at (0, 0, 7) at time t. (At t = 0, X =i.) 

14 The point which at time ¢ is at distance one from the origin in the direction of the vector 
tit j + t’k. 

15 The point at distance one from the point P(1,2,1) in the direction of the vector 
f+ (t? — 1)k. 

16 The point where the line through the origin in the direction of i + tj + t?k intersects 
the plane x + 2y + 3z = 1. 

17 The point halfway between a point P going around the circle x* + y? = 1 in the (x,y) 


plane at one radian per second and a point Q going around the circle x* + z? = 1 in 
the (x, z) plane at 2 radians per second. (At tf = 0, P = Q =i. Both motions are counter- 


clockwise.) 

18 The point at distance f(t) from the point P(1) in the direction of the vector D(s). 

19 The point on the plane x + ¥ + z = | which is nearest to the point 

costi + sintj + 6k. 

20 The point where the rotating plane x cost + ysint = 0 intersects the line through 
(1. 1, 1) and (2, 3. 4). 

21 The point on the rotating plane x cost + ysint = 0 which is nearest to the point 
ti + 2tj + 3¢k. 

22 Find the price vector P(t) for three commodities such that the first has price 1/1, the 


second has double the price of the first, and the sum of the prices is 4 (¢ > 1). 


23 Find the price vector P(r) of three commodities such that the product of the three prices 
is one. the first commodity has price 2/, and the third commodity has price + 1 (¢ = 1). 
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10.7 VECTOR DERIVATIVES 


The derivative of a vector valued function is defined in terms of its components. We 
shall state the definitions for three dimensions. The two-dimensional case is similar. 


DEFINITION 
Given a vector valued function 
FY) = fi(Oi + (OI + AK, 
the derivative F(t) is defined by 
F(t) = foi + L200) + f3(0k. 
F(t) exists if and only if fi(t), fo(t), and f3(0) all exist. 


When we use the notation X = xi + yj + zk, the derivative is written 


dx dx, dy, dz 
at at at dt 


EXAMPLE 1. Find dX/dt where 


Kai oj + 2th, t#—1. 


dX/dt = 4477 § — (0 + 1)? j + 2k. 
dX/dt is undefined at t = Oandt = —1. 


If X is the position vector of a line L, X = P + fC, then the derivative of X is 
the constant direction vector C, dX/dt = C. For 


ax d(py + uF ¥ d(py + Cal) i d(p3 + C3), 
dt dt dt dt 
=ci+c¢j+oak=C. 


The next two theorems show the geometric meaning of the vector derivative. 


THEOREM 1 


Given a curve X = F(t) in the plane, if F'(to) 4 0 then F'(to) is a direction vector 
of the line tangent to the curve at to. 

PROOF 

Case 7? The curve is not vertical at fg. The tangent line has slope 


dy — dy/dt _ fxlto) 
dx dx/dt— filtg) 


at t. Therefore the vector 


F(t) = fi(to)i + Salto)i 


is a direction vector of the tangent line. 
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Case 2. The curve is vertical at tg. Then f4(f)) = 0, so F(to) = f5(to)j is a direction 


vector of the vertical tangent line. F’(t)) is shown in Figure 10.7.1 for a curve 
X = F(2). 


For curves in space we can use the vector derivative to define the tangent line. 


DEFINITION 
If X = F(t) is a curve in space and F'(to) # 0, the tangent line of the curve at to 
is the line with position vector F(tg) and direction vector F(t). 


A vector parallel to F'(to) is said to be a tangent vector of the curve at to. 


EXAMPLE 2. Find the vector equation of the tangent line for the spiral 
F(t) = costi + sintj + tk 
at the point ¢ = 7/3. 
The derivative is F(t) = —sinti + costj + 4k. 
At t = 2/3 the tangent line has the equation 
X = F(x/3) + tF'(x/3) 
or X= sie Sie Be} +e(—Bia tis ta) 


The tangent line is shown in Figure 10.7.2. 


We have seen that the direction of the vector derivative is tangent to the 
curve. We next discuss the length of the vector derivative. 

Suppose all the derivatives dx/dt, dy/dt, and dz/dt are continuous on an 
interval a < t < b. Recall that in two dimensions the length of the curve is defined as 


F’ (to) ‘a F’(7/3) 


F(1/3) - 


x 
Figure 10.7.1 Figure 10.7.2 
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the integral 


b 
s= | Sdsfaey + (dv ldt? at 


The length of a curve in space is defined in a similar way, 


b 
s= i J (ax/at?? + (dy/dt)? + (dz/dt)? dt. 


EXAMPLE 3 Find the length of the helix 
X = costi + sintj + 4k, 


from t =atot =b. 


eo Wie dr 4 


b 
$= I /sin?t + cos?t + qs dt 


={ Sit 160 ea dt IN ca 


4 


THEOREM 2 


Let X = F(t) be a curve in space such that all the derivatives dx/dt, dy/dt, and 
dz/dt are continuous for a<t <b. Then the vector derivative dX/dt has 
length ds/dt, where s is the length of the curve from a to t. That is, 


|dX/dt| = ds/dt. 


tdx dy 2 dz 2 
PROOF We hav = 
cor wenme sa f/f (Ys (a 
dX Og ON re 
dt dt dt’ dt — 
‘ [ “\2 V2 z 
Therefore is = i ae + dy fe dz os dX 
dt w \dt dt dt dt 


If a particle moves in space so that its position vector at time ¢ is S = F(t), 
the vector derivative is called the velocity vector, 


= ds 
Ae 


The length of the velocity vector is called the speed of the particle. Theorems | 
and 2 show that: 
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The velocity vector V is tangent to the curve. 
The speed |V| is equal to the rate of change of the length of the curve, 


ds 
Vj =—. 
IV| it 
The second derivative is called the acceleration vector 
dv ds 
A=—=-—~. 
dt dt? 


EXAMPLE 4 Find the velocity, speed, and acceleration of a particle which moves 
around the unit circle with position vector 


S = costi + sinfj. 


Velocity : V = —sinti + cosfj. 
Speed : |V| = ./sin?t + cos?t = 1. 
Acceleration: A = —costfi — sinfj. 


As Figure 10.7.3 shows, the velocity V is tangent to the circle and the accelera- 
tion A points to the center of the circle. 


EXAMPLE 5 Find the velocity, speed, and acceleration of a ball moving on the 
parabolic curve 


S = v,ti + (v,t — 16t?)j. 


Velocity: V = 0,1 + (v2 — 32¢)j. 
Speed: IV] = \/v? + (v2 — 322)’. 
Acceleration: A = —32j. 


We see in Figure 10.7.4 that the velocity vector is tangent to the parabola, 
while the acceleration vector points straight down. 


EXAMPLE 6 Find the position vector of a particle which moves with velocity 


y 


Figure 10.7.3 Figure 10.7.4 
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V = —sinfi + cos¢j + sint costk 
and at time ¢ = 0 has position F(0) = i + 2k. 
We find each component separately by integration. 
A(t) = —sint, f,(O) = 1. 
Ai) = cost + C,. 
1 =cos0+ C,, ey = 0: 
fi (t) = cost. 
J5(t) = cost, f(0) = 0. 
f(t) = sint + Cy. 
0 = sin0+ C,, C,=0. 


f(t) = sine. 
P3(t) = sint cost, f,(0) = 2 
AM) = 4sin? t+ C3. 
2= 5sin?0+ Cy, C32 
f;(t) = Fsin? t + 2 
F(t) = costi + sintj + (4 sin?t + 2)k. 


The path of the particle is shown in Figure 10.7.5. 


t=3n/2 


Figure 10.7.5 


Let us briefly consider the derivative P’(t) of a price vector P(t). P’(r) is the 
marginal price vector with respect to time. It represents the rates at which the prices 
of all the commodities are changing. In a time of pure inflation, prices will increase 
but the ratios between prices of different commodities will stay the same, hence P(r) 
will have the same direction as P(t). In a time of pure deflation P’(t) will have the 
opposite direction from P(t). Usually P’(t) is not parallel to P(t) at all, because the 
prices of some commodities are changing relative to others. 


THEOREM 3 (Rules for Vector Derivatives) 


Let u = h(t) be a real function and let X = F(t), Y = G(f) be vector valued 
functions whose derivatives at t exist. 
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d(cX) dX d(Cu) C du 


(i) Constant Rules ey Ca 7 We 
is aqX+y¥Y) dX dy 
S Rul = cs 
(ii) Sum Rule dt hi + Fi 
ie (XY) dy dx 
(ili) Inner Product Rule ag OF eae Y 


PROOF We prove (ili). 
XY = fi()e.) + A(Ogalt) + Ags. 


ANY) _ png) + fldgld) + Aldss(0 


dt 

+ fig) + Age) + AOgs(0) 
F(t)-G’ F(t)-G(t) = X te ee 
=F)-G() + FOG) = X- + 


COROLLARY 
Suppose X = F(t) is a curve whose distance |F(t)| from the origin is a constant 
ho. Then the derivative F'(t) is perpendicular to F(t) whenever ¥'(t) 4 0. 


PROOF We use the Inner Product Rule. For all t, 
re = F(t)-F(o). 
0= “we = F()-F() + F(D- FO 
= 2F(t)- F (0). 
Therefore F(t) + F'(t) = 0, so F(t) L F’(t), as shown in Figure 10.7.6. 
We see from the corollary that if a particle moves with constant speed 


V| = vp, then its acceleration vector is always perpendicular to the velocity vector 
0 ys perp y 


(Figure 10.7.7). 


Figure 10.7.6 Figure 10.7.7. Motion with Constant Speed 
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PROBLEMS FOR SECTION 10.7 


In Problems 1-9 find the derivative. 


X = S(sinti + cos fj) 2 X = cos(2r)i + sin(3s)j 
X = cos(e'ji + sin(e')j 4 X= Pi+ Pj—tk 
X = —6(ti — Inj + ek) 6 X = 492i — 3) + k) 


u = (costi + sin¢j)+(sinti + costj) 

u = (i + 3) + 4k): (2ti + 3e) + 4tk) 

u = |costi + sintj + tk| 

Find the line tangent to the curve X = sin? ti + cos? tj + sint costk at ¢ = 2/3. 
Find the line tangent to the curve X = fi + 1?j + ¢°k at the point (1, 1, 1). 
Find the line tangent to the cycloid X = (t — sint)i+ (1 — cost)j at r = 1/4. 


In Problems 13-25 find the velocity, speed, and acceleration. 


13 
14 
15 
16 
17 
18 
19 
20 


21 


22 


25 


S = 20 + 3rj — 4tk 
S=ri¢deqit+k 

S = costi + sintj + tk 

The cycloid S = (t — sint)i + (1 — cosn)j 
S = cos(e')i + sin(e')j 

S =costi+ sintj + ’k 

S = (0? + lit (20 + Dj +(—? + Dk 


A point on the rim of a wheel of radius one in the (x, y) plane which is spinning counter- 
clockwise at one radian per second and whose center at time ¢ is at (t, 0). (Att = 0,S =i) 


A bug which is crawling outward along a spoke of a wheel at one unit per second while 
the wheel is spinning at one radian per second. The center of the wheel is at the origin, 
and at f = 0, the bug is at the origin and the spoke is along the x-axis. (A spiral of 
Archimedes.) 


The point at distance one from the origin in the direction of the vector 

i+ tj + /2tk, t>0. 
A car going counterclockwise around a circular track x? + y? = 1 with speed |2¢| at 
time t. Att = 0 the car is at (1, 0). 
A point moving at speed one along the parabola y = x*, going from left to right. (S = 0 
att = 0.) 
A point moving at speed y along the curve y = e* going from left to right. (S = jatt = 0.) 


In Problems 26-33 find the length of the given curve. 


26 
27 
28 
29 


30 


31 
32 
33 


X = costi+ sintj + tk, O<t<2 

X = costi + 2sin¢j — ¢sintk, O<t<2z 
X = 6H — 8tj4+¢?k, O<t<5 

X = 2ti+ 3P°j4 3k, O<t<1 
Katt eit atk O<t<i 

X =cos*H + sin?¢j + 2sintk, O<1<_2 
X =coshti+ sinht] + tk, O<:r<I 
X= Intit /2+ irk, 1<1<2 
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In Problems 34-37 find the position vector of a particle with the given velocity vector and initial 


position. 
34 V=ei+ e*j+e%k, F(O)=0 
35 V =tit ?j4+ ek, FU) =i+ 2j + 3k 
36 Veagjtetk FO) =i+j+k 
i j k 
37 Weg to ee FO) = 0 
38 Find the position vector of a particle whose acceleration vector at time 1 is 
A =i+ tj + ek, if at t = 0 the velocity and position vectors are both zero. 
39 Find the position vector S if A = sinti + costj + k, and at tr = 0, V = Oand S = 0. 
O 40 Show that if U is the unit vector of X, then 
aX _ aX 
dt dt 
O 41 Show using the Chain Rule that if X is the position vector of a curve and s is the length 
from 0 to t, then dX/ds is a unit vector tangent to the curve. 
oO 42 Suppose a particle moves so that its speed is constant and its distance from the origin 
at time t is e’. Show that the angle between the position and velocity vectors is constant. 
oO 43 Prove that if F(¢) is perpendicular to a constant vector C for all t, then F(t) is also per- 
pendicular to C. 
oO 4 Prove that if F(t) is parallel to a constant vector C for all t, then F’(t) is also parallel to C. 
Oi 45 Prove the following differentiation rule for scalar multiples: 
d(uX dX du 
cE an a 
O 46 Prove the vector product rule “_ he =X x abe + x x Y. 
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This section may be skipped without affecting the rest of the course. We introduce 

hyperreal vectors and use them to give an infinitesimal treatment of vector derivatives, 

We shall concentrate on three dimensions; the theory for two dimensions is similar. 
A hyperreal vector in three dimensions is a vector 


A = ai + aj + a3k 


whose components a,, a, and a3 are hyperreal numbers. The algebra of hyperreal 
vectors is in many ways similar to the algebra of hyperreal numbers. It begins with 
the notions of infinitesimal, finite, and infinite hyperreal vectors. 

A hyperreal vector A is said to be infinitesimal, finite, or infinite if its length 
|A| is an infinitesimal, finite, or infinite number, respectively. Two hyperreal vectors A 
and B are said to be infinitely close, A = B, if their difference B — A is infinitesimal 
(Figure 10.8.1). 


EXAMPLE 1 Let « be a positive infinitesimal and H be a positive infinite hyperreal 


628 10 VECTORS 


A infinitesimal AB 


Figure 10.8.1 


number. The vector Sei + ¢7k is infinitesimal. Its length is 


/25e2 +0 + et =0./25 + 6? x 0. 
N 


The vector ci + j + k is finite but not infinitesimal. Its length is 
Je + 44% = J/e+2 of Bs 
The vector i + ej + Hk is infinite. Its length is 


Vite +H > B. 


Our first theorem shows how these notions depend on the components of the 
vectors. 


THEOREM 1 


Let A and B be hyperreal vectors. 


(i) A is infinitesimal if and only if all of its components are infinitesimal. 
(ii) Ais finite if and only if all of its components are finite. 
(iii) A is infinite if and only if at least one of its components is infinite. 


(iv) A x Bif and only if a, = by, dy ® by, and a3 = b3. 
PROOF (i), (il), and (ilt) are proved using the inequalities 
lal < fat +3 +43, lag] S fat + az +43, las] S fay + a5 + a}, 


ay ae 
Jay + az + a3 S lay| + laa| + lagi, 


and (iv) follows easily from (i). We prove (i). Suppose A is infinitesimal. This 
means that its length 


|A| = \/a? +. a3 + a3 


is infinitesimal. The inequalities show that |a,|, |a2|, and |a3] are all between 
0 and [A|. Therefore all the components a,, a). and a3 are infinitesimal. On 
the other hand, if all the components are infinitesimal, then |a,| + [a] + |a3| 
is infinitesimal, and by the last inequality, the length |A| is infinitesimal. 
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The following facts are obvious from the definitions. 


The only infinitesimal real vector is 0. 
Every real vector is finite. 

Every infinitesimal vector is finite. 

A is infinitesimal if and only if A = 0. 


Here is a list of algebraic rules for hyperreal vectors. Suppose the scalars 
and vectors «, 6, are infinitesimal, c, A, are finite but not infinitesimal, and H, K are 
infinite. 

Negatives : 

—6 is infinitesimal. 

—A is finite but not infinitesimal. 

—K is infinite. 

Sums: 

8, + 8, is infinitesimal. 

A + 8 is finite but not infinitesimal. 

A, + A, is finite (possibly infinitesimal). 

K + 6 and K + A are infinite. 

Scalar multiples : 

£6, c6, and eA are infinitesimal. 

cA is finite but not infinitesimal. 

cK, HA, and HK are infinite. 

Inner products : 

8,.+8, and 6: A are infinitesimal. 

A, «A, is finite (possibly infinitesimal). 


Each of these rules can be proved using Theorem 1. For example éA is 
infinitesimal because each of its components éa, , €a,, and ea, is infinitesimal. 
Other combinations, such as eK and H8, can be either infinitesimal, finite, or 


infinite. 
As in the case of hyperreal numbers, our next step is to introduce the standard 
part. If A is a finite hyperreal vector, the standard part of A is the real vector 
st(A) = st(a,)i + st(a,)j + st(a3)k. 
Since each component of A is infinitely close to its standard part, A is infinitely close 
to its standard part. Thus 
st(A) is the real vector infinitely close to A. 


The standard part of an infinite hyperreal vector is undefined. 
Here is a list of rules for standard parts of vectors. A and B are finite hyperreal 


vectors and c is a finite hyperreal number. 
st(—A) = —st(A) 
st(A + B) = st(A) + st(B) 
st(cA) = st(c)st(A) 
st(A + B) = st(A) + st(B) 
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st(A x B) = st(A) x st(B) 
st(|A]) = |st(A)| 
As an example we prove the equation for inner products, 
st(A +B) = st(a,b, + a,b, + a3b3) 
= st(a,)st(b,) + st(a,)st(b,) + st(a3)st(b3) 
= st(A) « st(B). 
Given a nonzero hyperreal vector A, we may form its unit vector U = A/|Al. 
The three components of U are the direction cosines of A. As in the case of real vectors, 
U has length one and is parallel to A. 
Two new concepts which arise in the study of hyperreal vectors are vectors 
with real length and vectors with real direction. We say that A has real length if |A| is 
a real number. We say that A has real direction if the unit vector of A is real, or 


equivalently, the direction cosines of A are real. 
There are four types of hyperreal vectors: 


(a) Vectors with real length and real direction. 

(b) Vectors with real length but nonreal direction. 

(c) Vectors with nonreal length but real direction. 

(d) Vectors with nonreal length and nonreal direction. 


THEOREM 2 


A vector is real if and only if it has both real length and real direction. 


PROOF A has real length and direction if and only if JA] and U = A/JA| are both real 
if and only if A = [AU is real. 


EXAMPLE 2 Here are some vectors of type (b), (c), and (d), illustrated in Figure 10.8.2. 


(b) The vector B = sinei + cosej has real length but nonreal direction 
(where ¢ is a positive infinitesimal). B has length one. 


|B| = ./sin*e + cos*¢ = 1. 


However, B is its;own unit vector and is not real, so it has nonreal direction. 
(c) The following vectors have nonreal lengths but real directions. 


3ei + 4ej, infinitesimal length 5e, 
(6 + 3e)i + (8 + 4e)j, finite length 5S(2 + «), 
3Hi + 4Hj, infinite length 5H. 


All three of these vectors are parallel and have the same real unit vector 
U=2i4 ¥. 


(d) The vector D =i + ej has nonreal length and nonreal direction. Its 
length is ./1 + 7, and its unit vector is 


1 & 
= i+ i. 
ise Jie 
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(b) real length only 
B = sin €i + cos €j 


infinite 
A length 5H 


infinitesimal 
length Se 


finite 
length 5(2 + €) 


infinite 


(c) real direction only 
3ei+ 46) 
3Hi+ 4Hj 
(6+ 3€)i + (8 + 46)j 


(d) neither 
D=i+6 


Figure 10.8.2 
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Two hyperreal vectors A and B with unit vectors U and V are said to be 
almost parallel if either U =~ VorU = —Y. 


EXAMPLE 3. The vectors 
A=2i, B= 2i + 4, C= -ed t+ ej 


are almost parallel to each other (Figure 10.8.3). Their unit vectors are 


Figure 10.8.3 


Let A #0 be a hyperreal vector with unit vector U = A/|A|. A is almost 
parallel to the real unit vector st(U). Thus every nonzero hyperreal vector is almost 
parallel to a real vector. 


Now let us consider a vector valued function 
F(t) = fi(Oi + A(T + OOK. 


Each of the real functions f,, /,, f; has a natural extension to a hyperreal function. 
Thus the real vector valued function F can be extended to a hyperreal vector valued 
function. When ¢ is a hyperrea] number, F(t) is defined if and only if all of f,(0), (0, 
and /3(t) are defined, and its value is 


FI) = fi(Oi + fal + A(0k. 


We shall now return to the study of vector derivatives. 


THEOREM 3 


The vector valued function F(t) has derivative V at t if and only if 


F(t + At) — F(t) 
At 


V=st | 
for every nonzero infinitesimal At. 


This theorem is exactly like the definition of the derivative of a real function 
in Chapter 2, except that it applies to a vector valued function. 


10.8 HYPERREAL VECTORS 


PROOF OF THEOREM 3 Suppose first that F’(t) = V. This means that 
Ai + AOI + KOk = vi + vyj + v3k. 
Then f=, f=, felt) = v3. 
Let At be a nonzero infinitesimal. Then 


fo [ + At) ~ fa 
At 


and similarly for vz, v3. It follows that 


F(t + At) — m 


V= 
| A 


By reversing the steps we see that if the above equation holds for all nonzero 
infinitesimal At, then V = F(t). 


We shall now discuss the increment and differential of a vector function. 
Given a curve 
X = Fi), 
t is a scalar independent variable and X a vector dependent variable. We introduce a 


new scalar independent variable At and a new vector dependent variable AX with the 
equation 


AX = F(t + At) — F(0). 


AX is called the increment of X. AX depends on both t and At, and is the vector from 
the point on the curve at t to the point on the curve at t + At (Figure 10.8.4). 


Figure 10.8.4 The Increment of X 


Now suppose the vector derivative F’(t) exists. We introduce another vector 
dependent variable dX with the equation 


dX = F(t) At. 
dX is called the differential of X. It is customary to write dt for At, so we get the familiar 
quotient formulas 


a aX La 
dX = F'(t) dt, et F(t). 
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The relationship between the vector increment and differential may be 
summarized as follows. At each value t where F’(t) exists and is not zero, and for each 
nonzero infinitesimal At, we have: 


dX is an infinitesimal vector tangent to the curve X = F(t). 
AX is an infinitesimal vector which is almost parallel to dX. 


dX and AX are infinitely close compared to Af, i.e, 


aX ak 
Ae at 


as shown in Figure 10.8.5. 


Figure 10.8.5 


PROBLEMS FOR SECTION 10.8 


In Problems 1-20, determine whether the given vector or scalar is infinitesimal, finite but not 
infinitesimal, or infinite. (c, 6 are infinitesimal but not zero and H, K are infinite.) 


1 28, — 58, 2 58 — 3K 
3 H(2i — j) 4 e(Si + j) 

5 (2+ i+ — aj 6 as atk 

7 ci — 4) + Hk 8 K/iK| 

9 K-K 10 58/8 

T (Hi) « (Hj) 12 (i + 8,)+(j + 83) 
13 (Hi + j)-(i + gj) 

14 (/H + i+ /Hi)-(/H + li — /Hi) 

15 (Hi + Hj)(H-2i + HOY) 16 48s 

17 (i+ 3j —k) x 8 18 (Pb G3) 
19 (Hi) x (Haj) 20 (Hi) x (j + 8) 


In Problems 21-30, compute the standard part. Assume A, B are real. 
cos(x + Ax)i + sin(x + Ax)j — (cos xi + sin xj) 


21 hy 


22 


30 


31 
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(2 + ei+ B— aj 23 (5 + 6e)(2i — 4j + k) 
2ci + 4e?j + 627k Se (2H + 1)i+ GH — 1)j — Hk 
etet+e H+4 
(A + 6)-(B + 6) —A-B (i 
where st |—] =U 

{3 {8} 
\Hi+ j|-—H 
|Hi+ /Hj| — H 
\A + 6] — |Al é 
——.——_ where stj—| =U 

[3] |3| 

(x + Ax)?(A + AxB) — x?A 

Ax 

In Problems 31—40 determine whether or not the vector has (a) real length, (b) real direction. 

Hit /Hj 32 i+ e+ e7k 
(2i + 2./Hj + Hk)/(H + 2) 34 2Hi — 3Hj 


33 


35 


37 


38 


39 
40 


41 
42 
43 
44 


45 


The following problems use the notion of a continuous vector valued function. F(t) is said to be 


J5 é 26 


cos(2 + «)i + sin(2 + &)j 36 Ti aa Ji raed eee 
1 : € F & 
fee Sie ee. 
2 3¢ 


er ae " 
Sia oh re Jive 
5 cos(1 + ei + 3sin(1 + ej + 4sin(1 + ek 
5cos(1 + «ji + 3cos(1 + ej + 4cos(1 + ek 


Prove that st(A + B) = st(A) + st(B). 

Prove that st(A x B) = st(A) x st(B). 

Prove that if A is infinite and A — B is finite, then A is almost parallel to B. 

Prove that if A is finite but not infinitesimal and A — B is infinitesimal, then A is almost 
parallel to B. 

Prove that a vector which is parallel to a real vector has a real direction. 


continuous at ty if each of the components f,(t), f2(¢), and f5(0) is continuous at fo. 


46 
47 


48 


Prove that F(t) is continuous at f) if and only if whenever f = fo, F(t) + F(t). 


Assume F(t) and G(f) are continuous at tg. Prove that the following functions are 


continuous at fg. 
F()+ G0, FO-GO, IFO, FM x Gl). 
Prove that if F(t) and h(t) are continuous at fo, so is h(t)F(t). 
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Find the vector represented by the directed” line segment PO where P = (4,7), 
Q = (9, —S). 

Find the vector A/|B| where A = Si — 10j, B = 3i — 4j. 

IfA = 7i + 2j,B = —4i + j, find a vector C such thatA + B+ C=0. 
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An object originally has position vector P = 12i — 5j and is displaced twice, once by 
the vector A = 3i + 3j and once by the vector B = 6j. Find the new position vector. 


Two traders initially have commodity vectors Ag = 18i + 2j, Bp = 20j. They exchange 
in such a way that their new commodity vectors are equal, A, = B,. Find their new 
commodity vectors. 


Find a vector equation for the line through P(2, 4) with direction vector D = i. 

Find a vector equation for the line 3x + 4y = —I. 

Find the midpoint of the line AB where A = (0,0), B = (—4, 2). 

Find the point of intersection of the diagonals of the parallelogram A(— 1, — 3), B(O, —3), 
C(5, 8), D(4, 8). 

Find the vector represented by PO where P = (4,2, 1), 0 = (9, 6, 0). 

Find the direction cosines of A = i — 10j + 2k. 


Ifan object at rest has three forces acting on it and two of the forces areF, = i + 3j — k, 
F, = 4i — 3j + 2k, find the third force F;. 


Find the force required to cause an object of mass 100 to accelerate with the acceleration 
vector A = i — 5j + 3k. 


If a trader has the commodity vector A = Si + 10j + 15k and sells the commodity 
vector B = Si + 5j + 5k, find his new commodity vector. 


Find the vector equation of the line through P(1, 4. 3) and Q(1. 4, 4). 


Find the vector equation of the line through P(1. 1. 1) with direction cosines (1/2, — 1/2, 
1/,/2). 

Determine whether the vectors A = 3i — 4j + 5k, B = [0i + 5j — 2k, are perpendicu- 
lar. 

Find the cost of the commodity vector A = 8i + 20j + 10k at the price vector 
P = 61 + 12j + 15k. 


Find the amount of work done by a force vector F = 10i ~ 20j + 5k acting along the 
displacement vector S = 2i + 3j + 4k. 


Find a vector in the plane perpendicular to A = —2i + 3). 
Find a vector in space perpendicular to both 
A=i+j+ 2k, B= 2i+j+k. 
Find two vectors in space perpendicular to each other and toA =i+j+k. 
Sketch the plane x + 2) + 32 = 6. 
Sketch the plane 3x — z = 0. 
Find a scalar equation for the plane through the point (1, 3,2) with normal vector 
N = -i—j + 2k. 
Find a scalar equation for the plane through the points A(4, 1, 1), B(2, 3.4), C(S. 1, 6). 
Find the point where the line X = 2i — 2j] + 4k + ftiintersects the plane x + y + 2 = 1. 


A bug is crawling along a spoke of a wheel towards the rim at a inches per second. At 
the same time the wheel is rotating counterclockwise at b radians per second. The center 
of the wheel is at (0, 0) and at time t = 0, the bug is at (0, 0). Find the vector equation for 
the motion of the bug,0 <tr < I/a. 

The sphere x* + y? + =? =1 is rotating about the z-axis counterclockwise at one 


radian per second. A bug crawls south at one inch per second along a great circle. At 
time t = 0 the bug is at (0.0, 1) and the great circle is in the (x, z) plane. Find the vector 


30 
31 
32 
33 


34 


35 


36 


37 
38 


39 


40 


41 


42 


45 


46 
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equation for the motion of the bug, 0 < rf < z. (There are two possible answers.) 
Find the velocity, speed, and acceleration of the bug in Problem 28. 
Find the velocity, speed, and acceleration of the bug in Problem 29. 
Find the derivative of X = (coshf)i + (sinh). 
Find the line tangent to the curve 
ere ae 
t+1 ¢£4+2 £43 


att = 0. 


Find the length of the curve 
X = (cosh? di + (sinh?0j + (\/8sinhhk, O<t <1. 

Find the position vector of a particle which moves with velocity 

V = (e'sine’)i + (e'cos e’)j + ek, 
if the particle is at the origin at t = 0. 
{f ¢ > 0 is infinitesimal, determine whether or not the vector (sin ¢)i + (1 — cos e)j is 
infinitesimal. 
Determine whether or not the vector in Problem 36 has real direction. 
If ¢ > 0 is infinitesimal, find the standard part of the vector 

(sinz)i +6?j + (e° — Dk 
g 


Let D be a direction vector ofa line L in the (x, y) plane. Prove that the set of all direction 
vectors of L is equal to the set of all scalar multiples of D. 


Let U and V be perpendicular unit vectors in the plane. Prove that for any vector A, 
JA? = (A-U)? + (A-V). 

Let U and V be perpendicular unit vectors in the plane. Prove that for any vector A, 
A =(A-U)U + (A+ V)V. 

Hint: Let B =(A+-U)U+ (A-V)V and show that B-U=A-U and B-V=A.-V. 

A-U and A-V are called the U and V components of A. 

Let A and B be two vectors in the plane which are not parallel. Prove that every vector C 

in the plane can be expressed uniquely in the form C = sA + ¢B. 

Prove the Schwartz inequality (A - B[ < [A{|B| for vectors A, B in space. 

Prove that if s and ¢ are positive scalars, then the angle between two vectors A and B 

in space is equal to the angle between sA and 2B. 

Let p be a plane in space with position vector P and nonparallel direction vectors C and 

D. Prove that Q is a position vector of p ifand only ifQ = P + sC + «D for some scalars 


sand t. 

Hint: If E is a direction vector of p, then E x D is zero or parallel to C x D, so 
E x D = s(C x D) for some s, (E — sC) x D.= 0, and hence E — sC is parallel to D. 
Let A, B, C be three distinct points in space whose plane does not pass through the origin. 
Prove that any vector P may be expressed uniquely in the form P = sA + tB + uC. 
Hint: Consider the point where the line X = sA intersects the plane with position 
vector P and direction vectors B and C. 

Let C be a curve represented by the vector equation X = F(s), 0 < s < b. Assume that 
the length of the curve from F(0) to F(s) equals s, and that no tangent line crosses the 
curve. A string is stretched along the curve, attached at the end b, and carefully un- 
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b 


wrapped starting at 0 as shown in the figure. Show that the point at the end of the string 
has the position vector P(s) = F(s) + sFs). 

A ball is thrown with initial velocity vector Vy = b(cos ai + sin «j) and position vector 
So = 0 at time ¢ = 0. Its acceleration at time ¢ is A = — 32}. Find its position at time ¢, 
its maximum height, and the point where it hits the ground. 


